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FOREWORD 

As  naval  operations  address  theater  warfare,  sensor  resolution  and  unresolved 
targets  will  become  more  significant.  In  theater  warfare,  the  effectiveness  of  combat 
identification  will  hinge  on  resolving  and  tracking  closely-spaced  targets.  In  Theater 
Ballistic  Missile  Defense  (TBMD),  resolving  and  tracking  closely-spaced  targets  will 
be  required  to  separate  the  debris  from  the  threat.  Furthermore,  hostile  targets  may 
exploit  sensor  resolution  to  make  the  conditions  under  which  they  can  be  engaged 
successfully  more  difficult  to  achieve.  In  contrast  to  addressing  these  challenging 
problems  of  sensor  resolution  through  adaptive  digital  beamforming,  this  report  fo¬ 
cuses  on  the  use  of  a  standard  monopulse  radar  with  new  detection  and  estimation 
algorithms  to  address  the  problem  of  sensor  resolution  and  the  tracking  of  unresolved 
targets. 

This  report  addresses  such  issues  as  target  amplitude  estimation,  discrimination 
between  targets  with  different  amplitude  distributions,  tracking  with  a  monopulse 
radar,  angle-of-arrival  estimation  for  a  target  in  multipath  or  two  unresolved  targets, 
and  detection  of  the  presence  of  unresolved  targets.  This  research  has  been  accom¬ 
plished  in  part  through  funding  from  the  Naval  Surface  Warfare  Center,  Dahlgren 
Division  (NSWCDD)  In-house  Laboratory  Independent  Research  (ILIR)  Program 
sponsored  by  the  Office  of  Naval  Research. 

This  report  has  been  reviewed  by  M.  A.  Bailey,  Combat  Systems  Branch, 
Dr.  C.  F.  Fennemore,  Technical  Lead,  Target  Tracking  and  Signal  Processing;  and 
R.  N.  Cain,  Head,  Combat  Systems  Technology  Group. 
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Chapter  1 

INTRODUCTION 


Pulse  compression  techniques  are  often  employed  in  radar  systems  to  improve 
the  accuracy  of  the  range  measurements,  while  monopulse  techniques  are  employed 
to  improve  the  accuracy  of  angle  measurements.  Monopulse  is  a  simultaneous  lobing 
technique  for  determining  the  angular  location  of  a  source  of  radiation  or  of  a  “target” 
that  reflects  part  of  the  energy  incident  upon  it  [1].  Prior  to  the  development  of 
monopulse,  angle  measurements  were  improved  with  sequential  lobing,  which  required 
two  consecutive  measurements  to  be  taken  of  the  target.  The  first  measurement  was 
taken  with  the  boresight  of  the  antenna  pointing  slightly  below  (or  to  the  left)  of  the 
predicted  target  position,  while  the  second  measurement  was  taken  with  the  boresight 
of  the  antenna  pointing  slightly  above  (or  to  the  right)  of  the  prediction  position. 
Then  the  target  was  declared  to  be  closer  to  the  angle  of  the  measurement  with 
the  larger  amplitude,  and  the  predicted  angle  of  the  target  was  corrected.  However, 
sequential  lobing  is  very  susceptible  to  pulse-to- pulse  amplitude  fluctuations,  which 
are  common  in  radar  measurements  due  to  target  scintillation.  Furthermore,  when 
tracking  in  azimuth  and  elevation,  sequential  lobing  requires  lobe  switching  between 
azimuth  and  elevation  or  conical  scan,  both  of  which  are  inefficient  with  respect  to 
radar  time  and  energy,  and  easily  jammed  or  deceived  by  the  target. 

In  an  amplitude  comparison  monopulse  radar  system,  a  pulse  is  transmitted  di¬ 
rectly  at  the  predicted  position  of  the  target,  and  the  target  echo  is  received  with 
two  squinted  beams  as  illustrated  in  Figure  1.1.  The  Direction- Of- Arrival  (DOA) 
of  the  target  is  typically  estimated  with  the  in-phase  part  (i.e.,  the  real  part)  of  the 
monopulse  ratio,  which  is  formed  by  dividing  the  difference  of  the  two  received  signals 
by  their  sum.  When  tracking  in  azimuth  and  elevation,  four  beams  are  used  to  re¬ 
ceive,  and  two  monopulse  ratios  are  typically  formed.  Thus,  the  simultaneous  lobing 
of  monopulse  allows  the  transmitted  energy  to  be  directed  at  the  predicted  position 
of  the  target  and  eliminates  the  errors  due  to  amplitude  fluctuations  by  forming  a 


1 


NSWCDD/TR-97/167 


Figure  1.1  Illustration  of  Amplitude- Comparison  Monopulse  (ACM) 

refinement  of  the  angular  accuracy  with  a  single  pulse.1  Thus,  since  the  lobing  is 
simultaneous  rather  than  sequential,  monopulse  is  very  efficient  with  respect  to  radar 
time  and  energy  and  difficult  to  jam  or  deceive,  both  of  which  are  particularly  im¬ 
portant  to  electronically  steered  radars  that  are  required  to  maintain  simultaneous 
tracks  on  many  targets  as  illustrated  in  Figure  1.2. 

At  a  first  glance,  monopulse  may  appear  as  an  array  signal  processing  system 
as  in  [2]  with  two  elements.  While  a  phase  comparison  monopulse  system  is  similar 
to  an  array  with  two  elements,  in  that  it  receives  with  two  spatially  offset  beams, 
monopulse  systems  tend  to  be  directional,  while  the  sensor  array  elements  tend  to 
be  omnidirectional.  The  directional  sensing  of  monopulse  systems  gives  rise  to  larger 
antenna  gains  for  detecting  weaker  signals  and  improved  spatial  resolution.  Further¬ 
more,  in  amplitude  comparison  monopulse,  the  sensors  are  colocated,  and  the  sum 
and  difference  signals  are  often  formed  in  the  waveguide  prior  to  frequency  conversion 
and  signal  detection.  Amplitude  comparison  monopulse  is  commonly  used  for  many 
practical  reasons.  Note  also  that  amplitude  comparison  monopulse  is  used  in  phased 
array  radars,  where  the  two  or  four  squinted  receive  beams  are  formed  with  the  array. 

1  The  term  monopulse  originated  with  this  idea  of  a  single  pulse  refinement  of  the  angular  ac¬ 
curacy.  Some  confusion  exists  concerning  monopulse  radars  because  most  monopulse  radars  utilize 
multiple  pulses  to  form  an  angular  measurement.  It  is  the  monopulse  ratios  that  can  be  formed  with 
each  pulse  that  distinguishes  a  radar  as  monopulse. 
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Figure  1.2  Illustration  of  Tracking  Unresolved  Targets 


1.1  Monopulse  Processing  and  Unresolved  Targets 

When  two  or  more  targets  are  closely  spaced  in  range  and  angle  with  respect  to 
the  resolution  of  the  radar  as  illustrated  in  Figure  1.2  with  the  two  targets  in  the 
beam,  and  the  target  echoes  interfere  (i.e.,  the  echoes  are  not  resolved  in  the  fre¬ 
quency  or  time  domains),  the  DOA  estimate  indicated  by  the  in-phase  monopulse 
ratio  can  wander  far  beyond  the  angular  separation  of  the  targets  [1].  Figure  1.3 
shows  the  trajectories  of  two  point  (fixed-amplitude  and  fixed-phase)  targets  and  the 
in-phase  monopulse  measurements  with  no  receiver  noise.  The  measurements  in  Fig¬ 
ure  1.3  were  generated  by  perfectly  pointing  the  radar  beam  at  the  true  positions  of 
the  targets.  Since  the  tracking  of  the  two  targets  begins  when  the  targets  are  resolved 
spatially  in  angle,  two  measurement  sequences  are  given  as  if  the  presence  of  the  other 
target  was  ignored.  Figure  1.4  shows  the  quadrature  (i.e.,  imaginary  part)  monopulse 
ratios  for  one  of  the  two  targets  shown  in  Figure  1.3.  Note  that  in  Figure  1.3  the 
targets  are  considered  to  be  moving  right  to  left,  while  the  quadrature  monopulse 
ratios  are  plotted  versus  time  (i.e.,  left  to  right)  in  Figure  1.4.  Also,  note  that  the 
trajectories  were  generated  to  give  a  slowly  varying  relative  phase  between  the  two 
echoes  to  illustrate  the  wander  of  the  measurements,  while  for  two  typical  targets,  the 
relative  phase  of  the  two  echoes  would  be  random  between  consecutive  measurements. 
In  order  to  illustrate  the  effects  of  random  phase  and  target  amplitude  fluctuations, 


3 


NSWCDD/TR-97/167 


Figure  1.3  In-Phase  Monopulse  Measurements  of  Two,  Closely-Spaced  Point  Targets 


Figure  1.4  Quadrature  Monopulse  Measurements  for  One  of  the  Two,  Closely-Spaced 
Point  Targets  Shown  in  Figure  1.3 
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two  Rayleigh  targets  were  considered.  The  trajectories  of  the  two  targets  are  shown 
in  Figure  1.5,  where  the  targets  are  initially  separated  by  800  m  and  converge  to  a 
separation  of  about  one-half  of  a  beamwidth  at  t  =  75  s  or  x  =  40  km.  An  example 
of  the  measurement  sequences  are  given  in  Figure  1.6,  where  the  squares  denote  mea¬ 
surements  taken  by  pointing  at  target  1,  and  the  triangles  denote  measurements  taken 
for  target  2.  The  solid  lines  show  the  true  bearing  angles  of  the  two  targets,  while  the 
dashed  lines  denote  one  beamwidth  of  antenna  pattern  with  the  antenna  boresight 
pointed  directly  at  a  bearing  of  zero.  The  measurements  sequences  were  generated  by 
perfectly  pointing  the  antenna  boresight  at  each  target  for  its  corresponding  measure¬ 
ments.  When  the  targets  are  separated  by  more  than  one  beamwidth,  measurements 
are  easily  associated  with  the  correct  target,  and  conventional  DOA  estimation  and 
tracking  works  fine.  At  about  one  beamwidth  separation  of  the  two  targets  (i.e., 
t  —  25  s),  the  presence  of  the  other  target  adversely  effects  the  monopulse  measure¬ 
ments.  Analysis  of  the  time-correlated  errors  in  the  DOA  measurements  of  Figure 
1.3  and  the  random  errors  in  Figure  1.6  indicates  that  the  failure  to  detect  the  pres¬ 
ence  of  the  interference  of  a  second  target  and  address  it  in  the  DOA  estimation  can 
be  catastrophic  to  the  performance  of  the  tracking  algorithm,  since  its  position  and 
velocity  estimates  determine  the  association  of  any  subsequent  measurements  to  the 
target. 

In  addition  to  closely-spaced  targets,  the  problem  of  unresolved  targets  also  occurs 
when  the  DOA  of  a  target  is  measured  in  the  presence  of  a  jammer  or  sea-surface- 
induced  multipath  [1,3,4].  A  jammer,  as  denoted  by  the  helicopter  in  Figure  1.2, 
transmits  unwanted  signals  toward  the  radar  to  corrupt  the  measurements  of  targets 
between  it  and  the  radar.  Typically,  the  jammer  signals  are  in  the  form  of  wide¬ 
band  noise  or  a  narrow-band  tone.  The  wide-band  noise  is  usually  modeled  as  a 
complex  Gaussian  process,  which  gives  rise  to  a  measured  amplitude  of  the  jammer 
that  is  Rayleigh  distributed.  The  narrow-band  tone  is  a  sinusoidal  signal  with  a 
fixed-amplitude,  which  gives  rise  to  a  measured  amplitude  that  is  Rician  distributed. 
However,  unlike  the  case  of  two  closely- spaced  targets,  the  jammer  energy  enters  into 
all  of  the  range  bins  (i.e.,  outputs  of  the  matched  filter)  that  surround  the  target. 
Thus,  the  range  bins  that  do  not  include  the  target  can  be  used  to  estimate  the  DOA 
of  the  jammer. 

Sea-surface-induced  multipath  occurs  when  echoes  received  directly  from  the  tar¬ 
get  and  via  the  sea  surface  are  measured  in  the  same  range  bin.  Typically,  the 
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Figure  1.5  Trajectories  for  Two  Rayleigh  Targets  for  Illustration  of  Measurements 


A 

d  D 

S3  A  D  ^  Ann  A 

£Pa  As  □  - 


TIME  (SEC) 

Figure  1.6  Measurement  Sequences  for  Two  Rayleigh  Targets 
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Figure  1.7  Illustration  of  Sea- Surface- Induced  Multipath 

multipath  is  a  problem  when  the  target  is  sufficiently  close  to  the  sea  surface  that 
the  DO  As  of  the  target  and  its  image  are  in  the  main  lobe  of  the  antenna  pattern  as 
illustrated  in  Figure  1.7.  The  sea-surface  reflection  consists  of  a  specular  (coherent) 
component  and  a  diffuse  (noncoherent)  component  [1,5].  The  specular  reflection  is 
caused  by  a  smooth  (“mirror-like”)  surface,  and  the  diffuse  reflection  is  caused  by 
the  surface  irregularities.  While  the  specular  reflection  coefficient  is  a  deterministic 
number  that  depends  on  several  unknown  parameters,  the  diffuse  reflection  has  a 
random  nature  that  is  often  modeled  as  a  complex  Gaussian  process.  Generally,  the 
sea  surface  is  perturbed  by  small  irregularities,  and  both  reflection  components  are 
present.  In  contrast  to  the  case  of  two  closely-spaced  targets,  the  DOA  of  the  image 
can  be  expressed  as  a  function  of  the  DOA  and  range  of  the  target.  Thus,  this  geo¬ 
metric  constraint  between  the  DOAs  of  the  target  and  image  can  be  used  to  estimate 
the  DOA  of  the  target. 

Comparing  Figures  1.3  and  1.4  suggests  that  the  quadrature  monopulse  ratio 
contains  information  concerning  the  presence  of  the  unresolved  targets  and  the  DOAs 
of  both  targets.  However,  the  quadrature  monopulse  ratio  was  ignored  until  [4], 
where  the  complex  monopulse  ratio  was  considered  for  DOA  estimation  of  unresolved 
targets.  In  [4],  deterministic  expressions  for  in-phase  and  quadrature  monopulse 
ratios  were  used  to  solve  for  the  DOAs  of  the  two  targets.  However,  the  presence  of 
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receiver  noise  and  random  target  amplitudes  and  phases  due  to  Radar  Cross  Section 
(RCS)  fluctuations  have  severely  limited  the  success  of  applications  of  the  results  in 
[1,4].  While  numerous  authors  have  considered  multiple-beam  (i.e.,  more  than  two 
beams  per  angular  coordinate)  monopulse  [6,7]  or  array  signal  processing  [8]  for  the 
DOA  estimation  of  unresolved  targets,  almost  no  success  has  been  achieved  toward  a 
solution  of  this  problem.  The  following  quote  from  [9,  p.  230]  summarizes  the  success 
achieved  toward  this  problem. 

“The  other  multiple-target  processes  covered  in  this  section  and  in  the 
references,  as  well  as  the  Cramer-Rao  bounds  computed  by  Sklar  and 
Schweppe  and  by  Pollon,  are  dependent  on  (1)  a  priori  knowledge  of 
the  number  of  targets  present  (usually  restricted  to  two),  (2)  discrete¬ 
ness  of  each  target,  (3)  high  SNR,  (4)  precise  knowledge  of  antenna 
patterns,  and  (5)  absence  of  irregular  or  diffuse  reflections,  at  least  to 
the  level  implied  by  the  SNR  (often  40  to  50  dB).  The  inability  of  the 
radar  designer  to  ensure  compliance  with  these  conditions  in  the  real 
world  should  explain  the  fact  that  none  of  the  techniques  has  been  de¬ 
signed  into  practical  radar  equipment,  although  several  experimental 
installations  have  been  made.” 

While  this  quote  is  from  1975,  it  remains  very  much  true  in  1997.  The  lack  of  success 
of  these  previous  approaches  cited  in  [9]  can  be  attributed  to  the  fact  that  each  is 
based  on  deterministic  formulation  and  analysis  of  the  problem  with  noise  added  in 
simulations.  In  contrast  to  the  previous  approach,  a  stochastic  approach  is  taken 
in  this  dissertation.  Detection  and  estimation  algorithms  are  developed  from  prob¬ 
lem  formulations  that  include  the  receiver  errors  and  target  amplitude  fluctuations. 
Through  this  alternate  approach,  the  restrictions  cited  above  will  be  relaxed.  The 
requirement  for  a  priori  knowledge  of  the  number  of  targets  will  be  relaxed  to  one  or 
two  targets,  where  the  presence  of  unresolved  targets  is  detected,  not  known  a  priori. 
While  the  assumptions  concerning  discreteness  of  the  targets  will  be  continued  here 
to  limit  the  scope  of  the  work,  addressing  extended  targets  with  the  algorithms  devel¬ 
oped  here  should  be  straightforward.  The  required  Signal-to-Noise  Ratio  (SNR)  will 
be  relaxed  from  40  dB  to  near  20  dB,  which  is  achievable  with  conventional  phased 
array  radars.  The  requirement  for  precise  knowledge  of  the  antenna  patterns  should 
be  relaxed  to  approximate  knowledge  of  the  antenna  patterns,  since  no  gradients  of 
the  antenna  patterns  are  required.  The  required  absence  of  irregular  or  diffuse  reflec- 
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tions  is  relaxed  through  the  inclusion  of  models  for  the  target  amplitude  fluctuations 
in  the  problem  formulations.  In  fact,  the  diffuse  reflections  from  the  sea  surface  will 
be  included  explicitly  in  the  problem  formulation. 

Some  of  the  limitations  of  the  multiple  target  estimators  as  cited  in  [9]  have  been 
relaxed  through  array  processing  techniques  (a.k.a.,  superresolution  techniques),  such 
as  the  signal  subspace  methods  [2,  p.  64].  However,  the  superresolution  techniques 
require  special  instrumentation  that  is  very  expensive  and  not  compatible  with  exist¬ 
ing  phased  array  radars.  Thus,  the  focus  of  this  research  is  on  the  use  of  the  standard 
monopulse  processing  that  exists  in  phased  arrays  and  dish-type  radars  to  track  unre¬ 
solved  targets.  Since  superresolution  techniques  require  significant  amounts  of  radar 
time  and  energy,  the  results  of  this  research  can  be  used  in  future  radar  systems  to 
detect  the  need  for  superresolution  processing  and  provide  initial  estimates  for  the 
processing  [2]. 

1.2  Objectives  and  Scope  of  the  Research 

The  overall  objective  of  this  research  is  the  development  of  detection  and  esti¬ 
mation  algorithms  needed  to  support  the  tracking  (i.e.,  kinematic  state  estimation) 
of  unresolved  targets.  The  tracking  is  typically  accomplished  with  the  Kalman  filter 
or  Interacting  Multiple  Model  (IMM)  algorithm,  both  of  which  require  a  DOA  esti¬ 
mate  and  corresponding  error  covariance  [10,  p.  209].  The  error  covariance,  which  is 
typically  estimated  also,  characterizes  the  DOA  estimate  as  a  measurement  of  target 
location  for  the  Kalman  filter  or  IMM  algorithm.  This  overall  objective  gives  rise  to 
the  following  six  objectives. 

•  The  first  objective  involves  the  estimation  of  the  target  amplitude  parameters  that 
define  the  amplitude  fluctuations  and  SNR  of  a  single  target  or  two  unresolved 
targets.  These  amplitude  parameters  are  utilized  in  the  estimation  of  the  DOAs 
and  the  associated  variances. 

•  The  second  objective  involves  discrimination  of  targets  according  to  various  am¬ 
plitude  distributions.  Since  the  estimators  of  the  amplitude  parameters  and  the 
DOAs  are  dependent  on  the  amplitude  distribution,  discrimination  between  am¬ 
plitude  distributions  is  needed. 

•  The  third  objective  involves  the  development  of  the  probability  distribution  and 
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statistics  of  the  complex  monopulse  ratio  for  various  cases  of  the  amplitude  dis¬ 
tribution  for  a  single  target  and  two  unresolved  targets.  These  distributions  are 
needed  to  develop  Cramer- Rao  bounds  [11,  p.  66]  and  estimators  of  the  DOAs 
and  the  associated  variances. 

•  The  fourth  objective  involves  estimation  of  the  DOA  and  the  corresponding  vari¬ 
ance  for  a  single  target  with  various  amplitude  distributions.  For  a  single  target, 
the  in-phase  monopulse  ratio  is  typically  taken  as  the  DOA  estimate,  but  the 
monopulse  ratio  is  not,  in  many  cases,  superior  to  the  Maximum  Likelihood  (ML) 
estimate  [11,  p.  65]  nor  the  Method  of  Moments  (MM)  estimate  [11,  p.  151]  of 
the  DOA. 

•  The  fifth  objective  involves  estimation  of  the  DOAs  and  the  corresponding  vari¬ 
ances  for  two  unresolved  targets  with  various  amplitude  distributions. 

•  The  sixth  objective  involves  the  detection  of  the  presence  of  unresolved  targets  in 
order  to  relax  the  requirement  of  a  priori  knowledge  of  the  number  of  targets.  The 
detection  of  the  presence  of  unresolved  targets  will  be  limited  to  two  Rayleigh, 
since  Rayleigh  targets  represent  the  worst  case. 

The  focus  of  this  research  is  the  development  of  detection  and  estimation  algo¬ 
rithms  that  can  be  implemented  in  existing  monopulse  radars  rather  than  techniques 
that  will  require  a  new  radar  system.  Thus,  the  following  assumptions  will  be  made 
concerning  the  radar  system. 

•  The  radar  waveforms  consist  of  narrow-band  pulses  that  may  include  subpulses 
at  slightly  different  frequencies. 

•  Only  two  beams  per  angular  coordinate  will  be  used  for  monopulse  processing. 

Since  the  focus  of  this  research  is  the  development  of  detection  and  estimation 
algorithms  for  unresolved  targets  and  not  modeling  of  target  scattering  or  amplitude 
fluctuations,  the  following  assumptions  are  made  concerning  the  target  echoes  to  limit 
the  scope  of  the  work. 

•  Targets  are  assumed  to  be  point  targets  with  random  phases  and  either  fixed 
amplitudes  or  amplitudes  that  are  Rayleigh  or  Rician  distributed. 


10 


NSWCDD/TR-97/167 

•  The  energy  received  from  a  target  echo  is  assumed  to  be  completely  contained  in 
a  single  range  resolution  cell  or  bin. 

•  The  energy  received  from  two  unresolved  targets  is  assumed  to  be  completely 
contained  in  a  single  range  bin. 

Note  that  these  assumptions  concerning  the  discreteness  of  the  targets  will  be  violated 
by  most  measurements  of  an  actual  radar  system.  However,  the  application  of  the 
results  to  extended  targets  should  be  straightforward. 

Since  the  focus  of  this  research  is  the  development  of  detection  and  estimation 
algorithms  for  unresolved  targets  and  not  modeling  of  the  environment,  the  following 
assumptions  are  made  concerning  the  modeling  of  the  environment  and  noise  sources. 

•  The  receiver  errors  are  modeled  as  white  Gaussian  processes,  with  the  errors  in 
the  in-phase  and  quadrature  parts  being  independent. 

•  The  specular  reflections  at  the  sea  surface  are  deterministic  in  amplitude  and 
phase. 

•  The  diffuse  reflections  are  a  complex  Gaussian  process  that  gives  rise  to  reflections 
with  a  uniformly  distributed  phase  and  a  Rayleigh  amplitude. 

1.3  Organization  of  the  Report 

Background  material  on  monopulse  radar  systems  is  given  in  Chapter  2.  The  sum 
and  difference  signals  are  formulated,  and  the  popular  Swerling  models  for  RCS  fluc¬ 
tuations  are  presented  along  with  estimators  for  the  amplitude  parameters  of  Swerling 
targets.  Rician  targets  are  defined,  and  the  sum  and  difference  signals  for  M  unre¬ 
solved  Rician  targets  are  formulated.  The  geometry  and  parameters  associated  with 
sea-surface- induced  multipath  are  presented,  and  conventional  monopulse  processing 
for  DOA  estimation  is  summarized. 

In  Chapter  3,  estimation  of  the  target  amplitude  parameters,  which  define  the 
SNR  of  the  target,  and  discrimination  between  various  models  for  the  target  ampli¬ 
tude  fluctuations  are  considered.  The  PDF  of  the  measured  amplitude  of  the  sum 
signal  is  developed  for  M  unresolved  Rician  targets,  which  are  each  composed  of  a 
fixed-amplitude  part  and  a  Rayleigh  part.  The  PDF  and  associated  statistics  of  the 
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measured  amplitude  are  used  to  develop  Cramer- Rao  bounds,  ML  estimators  and/or 
MM  estimators  for  the  amplitude  parameters  of  Rayleigh,  fixed-amplitude,  and  Ri¬ 
cian  targets  as  well  as  a  new  dominant-plus-Rayleigh  model,  which  is  proposed  as 
an  alternative  to  the  Erlang  distribution  of  Swerling  3  and  4  targets.  The  wave¬ 
form  requirements  for  reliable  discrimination  between  Rayleigh,  fixed-amplitude,  and 
dominant-plus-Rayleigh  targets  are  considered.  The  PDF  of  the  measured  amplitude 
of  two  unresolved  Rician  targets  is  studied,  and  an  MM  estimator  is  presented  for  the 
amplitudes  of  two  unresolved,  fixed-amplitude  targets.  The  PDF  of  the  measured  am¬ 
plitude  of  a  fixed-amplitude  target  in  the  presence  of  multipath  is  presented,  and  MM 
estimators  of  the  target  amplitude  and  relative  phase  of  the  target  and  sea-surface 
echoes  are  developed.  The  performances  of  the  estimators  are  illustrated  via  Monte 
Carlo  simulations,  where  the  numbers  of  experiments  were  chosen  to  achieve  stable 
results. 

In  Chapter  4,  the  amplitude-conditioned  joint  PDF  and  the  statistics  of  the  in- 
phase  and  quadrature  monopulse  ratios  are  developed  for  M  unresolved  Rician  tar¬ 
gets.  The  term  “amplitude-conditioned”  denotes  conditioning  the  PDF  on  the  mea¬ 
sured  amplitude  of  the  sum  signal,  which  is  known  in  the  receiver.  Conditioning  the 
PDF  of  the  monopulse  measurements  on  the  measured  amplitude  of  the  sum  signal 
gives  the  in-phase  and  quadrature  monopulse  ratios  that  are  approximately  Gaussian 
random  variables  so  that  the  PDF  is  approximately  specified  by  the  means  and  vari¬ 
ances.  Since  the  SNR  of  radar  targets  is  typically  unknown,  the  measured  amplitude 
of  the  sum  signal  provides  no  information  concerning  the  DOA  of  the  targets.  Thus, 
the  PDF  of  the  monopulse  measurements  can  be  conditioned  on  the  measurement 
amplitude  to  obtain  a  Gaussian  distribution  without  any  loss  of  information.  The 
amplitude-conditioned  PDF  and  the  statistics  are  given  for  various  cases  of  a  single 
target,  two  unresolved  targets,  and  a  fixed- amplitude  target  in  the  presence  of  sea- 
surface-induced  multipath.  For  a  single  pulse  and  a  resolved  target,  the  in-phase  and 
quadrature  monopulse  ratios  are  shown  to  be  uncorrelated,  non-Gaussian  random 
variables  for  a  nonzero  DOA,  and  the  marginal  PDF  of  the  quadrature  ratio  is  shown 
to  have  a  mean  of  zero  and  be  symmetric  about  zero  for  all  DOAs. 

In  Chapter  5,  DOA  estimation  is  considered  for  a  single  target  and  two  unresolved 
targets.  For  a  single  target,  the  DOA  estimation  is  considered  for  multiple  pulses 
from  a  Rayleigh  target.  Single-pulse  DOA  estimation  is  also  considered  by  using  the 
results  of  Chapter  4  for  a  fixed-amplitude  target.  For  two  unresolved  targets,  DOA 
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estimation  is  considered  for  a  Rayleigh  target  in  the  presence  of  a  Gaussian  noise 
jammer  and  two  Rayleigh  targets  with  known  relative  RCS. 

The  detection  of  the  presence  of  two  unresolved  Rayleigh  targets  is  considered 
in  Chapter  6.  A  Generalized  Likelihood  Ratio  Test  (GLRT)  is  used  to  develop  a 
Neyman- Pearson  algorithm  for  the  detection  of  the  presence  of  unresolved  Rayleigh 
targets,  and  performance  predictions  of  the  new  algorithm  are  shown  to  agree  closely 
with  the  results  from  simulation  studies.  The  detection  performance  of  the  new 
algorithm  is  shown  via  simulation  studies  to  exceed  the  predicted  performance  when 
the  two  unresolved  targets  have  fixed  amplitudes. 

Conclusions  are  given  in  Chapter  7  along  with  suggestions  for  future  research.  The 
incorporation  of  the  results  of  this  research  into  the  tracking  of  unresolved  targets  is 
specifically  addressed. 
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Chapter  2 

BACKGROUND  ON  MONOPULSE  RADAR  SYSTEMS 


In  order  to  facilitate  the  presentation  of  the  material  in  the  following  chapters, 
some  background  on  monopulse  radar  systems  is  given  in  this  chapter.  The  sum  and 
difference  signals  of  a  monopulse  radar  system  are  formulated  for  a  single  target  in 
Section  2.1,  while  the  Swerling  models  for  RCS  fluctuations  are  presented  in  Sec¬ 
tion  2.2.  Expressions  are  developed  for  the  measured  amplitude  of  the  sum  signal, 
and  estimators  for  the  target  amplitude  parameters  are  presented.  Rician  targets 
are  formulated  in  Section  2.3,  while  the  sum  and  difference  signals  for  M  unresolved 
Rician  targets  are  formulated  in  Section  2.4.  The  geometry  and  parameters  associ¬ 
ated  with  sea-surface-induced  multipath  are  presented  in  Section  2.5.  Conventional 
monopulse  processing  for  DOA  estimation  is  summarized  in  Section  2.6. 

2.1  Sum  and  Difference  Channels 

In  an  amplitude  comparison  monopulse  radar  system,  a  pulse  is  transmitted  di¬ 
rectly  at  the  predicted  position  of  the  target,  and  the  target  echo  is  received  with  two 
squinted  beams  as  illustrated  in  Figure  1.1.  Figure  2.1  shows  the  shapes  of  the  sum 
and  difference  voltage  patterns  for  either  transverse  or  elevation  of  an  ACM  system. 
The  ratio  of  the  difference  pattern  voltage  to  the  sum  pattern  voltage  defines  a  unique 
off-axis  angle  within  the  mainlobe  for  each  ratio  of  the  measured  voltages.  Note  that 
the  ratio  can  be  approximated  closely  as  linear  for  off-axis  angles  within  one  half 
of  a  beam  width  of  antenna  boresight.  The  slope  of  the  ratio  in  the  linear  region  is 
typically  called  the  monopulse  error  slope  and  denoted  as  km. 

A  typical  monopulse  receiver  is  shown  in  Figure  2.2,  where  the  sum  and  difference 
signals  are  inputs  that  are  formed  in  the  waveguide  prior  to  detection  and  signal 
processing.  The  analog-to-digital  converters  denoted  by  “A/D”  include  the  match 
filtering  associated  with  the  radar  waveforms.  The  measured  amplitude  of  the  sum 
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Figure  2.1  Voltage  Patterns  for  ACM  System 


Figure  2.2  Receiver  for  Monopulse  Radar  System 
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signal  denoted  by  |s  |2  is  typically  tested  for  amplitude  exceedence  of  a  threshold  before 
the  in-phase  monopulse  ratio  denoted  by  Re(d/s)  or  the  quadrature  monopulse  ratio 
denoted  by  Im (d/s)  is  computed.  For  a  single  target  the  sum  and  difference  signals 
can  be  expressed  as 

s(t)  =  2y/KAGx($)p(t)  cos(u )ct  -  <j>)  +  ns(t )  (2.1) 

d(t)  =  2y/KAGz(0)G&(9)p(t)cos(ujct  -(/>)  +  nd(t)  (2.2) 

where 


A  = 
Gx(0)  = 
GA(0)  = 
e  = 

P(t)  = 
wc  = 

<t>  = 

ns{t)  = 
^«zC0  = 


constant  proportional  to  the  transmitted  power 

voltage  amplitude  of  the  target 

sum  channel  voltage  gain  at  the  angle  6 

difference  channel  voltage  gain  at  the  angle  6 

off-boresight  angle  of  the  target 

envelope  of  the  transmitted  pulse 

carrier  frequency  of  the  transmitted  waveform 

phase  of  the  target  echo 

receiver  noise  in  the  sum  channel 

receiver  noise  in  the  difference  channel 


The  output  of  the  receiver  is  match  filtered  with  gain  po  and  sampled  at  time  to, 
and  the  in-phase  and  quadrature  components  of  the  sum  and  difference  channels  are 
given  by 


$1  =  v/kAG|(^)po  cos  <j)  +  nsi  (2.3) 

sq  =  VkAGz(0)po  sin  <j)  +  nSQ  (2.4) 

dj  —  t/kAGy,{0)G a(#)po  cos  <j)  +  ndi  (2.5) 

dq  =  '/k^G^(6)Ga{0)po  sin  <j)  +  (2.6) 

where 

nsi  ~  N(0,trl)  (2-7) 

nsq  ~  N(0,as)  (2.8) 

ndi  ~  N(0,cr})  (2.9) 

ndq~N(0,aj)  (2.10) 
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with  N(p,a2)  denoting  the  Gaussian  distribution  with  mean  p  and  variance  a2.  The 
receiver  errors  in  (2.7)  through  (2.10)  are  assumed  to  be  independent  with  the  possible 
exception  of  real-valued  correlation.  Let 


E[sjdi]  _  E\sgdq\ 
vs°d  crscrd 


(2.11) 


where  E[-]  denotes  the  expected  value.  Then  (2.3)  through  (2.6)  can  be  rewritten  as 


sj  =  a  cos  (j)  +  i%si 
sq  =  a  sin  <j)  +  n$q 
dj  =  ar)  cos  (p  +  ndj 
dq  =  arj  sin  <p  +  ndq 

where 


(2.12) 

(2.13) 

(2.14) 

(2.15) 


a  =  ^AGl(6)p0 
n  GA(B) 
n  Gz(0) 


(2.16) 

(2.17) 


Since  the  angle-of-arrival  6  is  determined  from  rj,  rj  is  referred  to  as  the  DOA.  Fig¬ 
ures  2.3  and  2.4  give  typical  voltage  gains  G^(0)  and  G&(0)  versus  the  off-boresight 
angle  for  multiple  beamwidths,  while  Figure  2.5  gives  r)  versus  the  off-boresight  an¬ 
gle.  The  antenna  patterns  were  generated  for  uniform  illumination  across  the  antenna 
aperture  and  a  squint  angle  that  is  40  percent  of  the  beamwidth.  Figure  2.5  shows 
that  Tj  does  not  uniquely  define  9  if  targets  outside  the  mainlobe  of  the  antenna  pat¬ 
tern  are  considered.  Since  the  gain  of  the  antenna  outside  the  mainlobe  is  typically 
less  than  -10  dB  relative  to  the  peak  gain  of  the  mainlobe,  targets  in  the  sidelobes 
are  often  not  a  problem.  However,  jammer  signals  are  often  strong  enough  to  enter 
through  the  sidelobes  and  interfere  with  target  measurements. 


When  a  and  <j>  are  given,  sj  and  sq  are  jointly  Gaussian  random  variables,  with 
PDF  given  by  [12,  p.  126] 

/(s/,  SQ|a,  <f>t  as)  =  7£~2  exP  “  ^2  (( SI  ~  a  cos  4>f  +  (sq  -  a  sin  <£)2)  (2.18) 


Let  A  and  ip  denote  the  measured  amplitude  and  phase  of  the  sum-signal  channel, 
respectively.  Then 


sj  =  A  cos  ip 
sq  =  A  sin  ip 
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Figure  2.3  Antenna  Gain  Pattern  in  the  Sum  Channel 


Figure  2.4  Antenna  Gain  Pattern  in  the  Difference  Channel 


Figure  2.5  DOA  Parameter  Versus  the  Off-Boresight  Angle 
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Note  that  A  =  |s|  in  Figure  2.2.  Performing  this  transformation  of  random  variables 
[12,  p.  143]  in  the  PDF  of  sj  and  sq  gives 


f(A,il>\a,<f>,<TS)  =  f  exp 

s 


och.  /  /  »\]  f  H”  of  \ 

- «J  exn - <2-21) 


A2  +  a2 


2<t2s 


where  A  >  0,  and  —it  <  i/j  <  it.  The  phase  is  uniformly  distributed  in  the  interval 
(-• 7r,7r].  Integrating  (2.21)  with  respect  to  if>  according  to  [13,  No.  3.937.2]  gives 

A_ 

Ts 


/(A|a,c75)  =  ~I0(aAas2)  exp|  -  AjtA^a2]}  (2.22) 


where  Jq(-)  is  the  zero-order  modified  Bessel  function  of  the  first  kind. 


The  “observed  SNR”  is  defined  as 

<2-23> 

Since  9?0  is  actually  a  signal-plus-noise  to  noise  ratio,  the  SNR  of  a  target  will  be 
defined  as 

ft  =  £[ft0]  -  1  (2.24) 

where  £?[•]  denotes  expected  value.  The  SNR  of  a  fixed-amplitude  target  is  then  given 

by 

SBf  =  (2.25) 

Performing  the  transformation  of  a  random  variable  [12,  p.  90]  of  (2.23)  in  (2.22)  and 
using  (2.25)  gives  the  PDF  of  the  observed  SNR  as 

/(ft0|o:,<75)  =  70(2\/ftoftf )  exp{  -  [ft0  +  ft^]}  (2.26) 


2.2  Swerling  Models  for  RCS  Fluctuations 

Since  the  amplitude  fluctuations  of  the  targets  will  be  modeled  for  amplitude  es¬ 
timation  and  target  discrimination,  the  popular  Swerling  models  for  RCS  fluctuations 
are  reviewed  in  this  section.  The  RCS  of  a  target  is  the  area  intercepting  that  amount 
of  power2  which,  when  scattered  equally  in  all  directions,  produces  an  echo  at  the 
radar  equal  to  that  from  the  target  [14,  p.  33],  Variations  in  the  echo  signal  may  be 
2 

RCS  corresponds  to  power  gain  of  the  target,  while  the  target  amplitude  of  the  previous  section 
corresponds  to  voltage  gain  of  the  target. 
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caused  by  meteorological  conditions,  the  lobe  structure  of  the  antenna  pattern,  equip¬ 
ment  instabilities,  or  variations  in  the  RCS.  The  RCS  of  typical  radar  targets  is  quite 
sensitive  to  the  aspect  angle,  and  fluctuates  from  pulse-to-pulse  or  scan-to-scan.  The 
scan-to-scan  fluctuations  correspond  to  RCSs  that  are  independent  between  scans 
(a.k.a.,  sweeps  or  dwells)  of  the  radar  on  the  target.  The  pulse-to-pulse  fluctuations 
correspond  to  RCSs  that  are  independent  between  pulses  within  a  single  scan  or  dwell 
of  the  radar  on  the  target.  The  pulse-to-pulse  fluctuations  are  often  the  result  of  fre¬ 
quency  diversity  in  the  radar  waveform  that  is  achieved  through  discrete-frequency 
coding  [15,  p.  269].  Each  frequency-coded  segment  of  the  waveform  is  often  referred 
to  as  a  subpulse.  Thus,  pulse-to-pulse  fluctuations  are  often  subpulse- to-subpulse 
fluctuations. 

Fixed- amplitude  targets  are  often  referred  to  as  Swerling  type  0.  Both  Swerling 
types  1  and  2  have  RCSs  that  fluctuate  according  to  the  exponential  distribution, 
where  the  Swerling  1  type  has  RCS  fluctuations  scan-to-scan,  and  the  Swerling  2  has 
RCS  fluctuations  pulse-to-pulse.  Note  that  since  RCS  is  a  power-based  measure  of 
target  amplitude,  the  fluctuations  of  the  voltage  amplitude  of  the  Swerling  types  1 
and  2  are  Rayleigh  distributed.  Thus,  the  Swerling  types  1  and  2  are  also  Rayleigh 
targets  as  discussed  below.  Both  Swerling  types  3  and  4  have  RCSs  that  fluctuate 
according  to  the  Gamma  (Erlang)  distribution,  where  the  Swerling  3  type  has  RCS 
fluctuations  scan-to-scan  and  the  Swerling  4  has  RCS  fluctuations  pulse-to-pulse. 
The  RCS  fluctuations  of  Swerling  3  and  4  targets  are  also  denoted  in  [14,  p.  407] 
as  one-dominant-plus- Rayleigh  model.  This  section  summarizes  the  results  of  [16], 
which  includes  the  PDF  of  the  observed  SNR  and  ML  estimators  of  the  amplitude 
parameters  for  Swerling  2  and  4  types. 


Swerling  Targets  of  Types  1  and  2 


The  PDF  of  the  RCS  for  Swerling  types  1  and  2  is  given  by 

fSw2{°Wave )  =  — ~  exp  [ - — 

Gave.  L  Gam 


cr  >  0 


(2.27) 


where  oave  =  E[o]  is  referred  to  as  the  average  RCS  of  the  target.  Figure  2.6  shows 
the  PDF  of  the  RCS  for  a  Swerling  1  or  2  type  target  with  oave  =  10.  Given  that 
o  =  0.5 A2,  where  A  is  the  amplitude  of  the  voltage  gain  of  the  target,  (2.27)  gives 
rise  to  pulse  amplitudes  that  are  Rayleigh  distributed  according  to 

A  r  A2  i 


fsw2(A\A0)  =  fR(A\A0)  =  exp 


2A20r 


A>  0 


(2.28) 
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where  E[A2}  =  2 A2  =  2 aave. 


For  Swerling  1  and  2  type  targets,  the  target  amplitude  A  is  Rayleigh  distributed 
with  parameter  Aq  and,  thus,  a  of  (2.16)  is  also  Rayleigh  distributed,  with  PDF  given 

by 

/*Wa„)=^exp(-|l)  (2.29) 

where  «o  =  ^/kAqG £■(()) pq.  Since  a  is  Rayleigh  distributed  and  the  phase  <j)  is  uni¬ 
formly  distributed  on  ( — 7r ,  tt]  ,  sj  and  sq  are  independent,  Gaussian  random  variables 
with  means  of  zero  and  variances  given  by 


E[s2i\a0,<rs]  =  -E[sQ|a0,^s]  =  al  +  <r| 

Thus,  the  PDF  of  sj  and  sq  for  a  Rayleigh  target  is  given  by 
f(si,SQ\a0,as)  = 


1  r  S2  +  Sq 


27r(a%  +  <r|) 


j-  exp 


2(^0  +  4) J 


(2.30) 


(2.31) 


Applying  the  transformation  of  random  variables  of  (2.19)  and  (2.20)  in  (2.31)  gives 


/su)2(A|a0,  erg) 


a2  +  a2  6XP 


A2 


2(<*o  +  ^1) 

Applying  the  transformation  of  variable  of  (2.23)  in  (2.32)  gives 


fSw2(^o\^Sw2) 


1 


^Su>2  *f  1 


exp 


^Sw 2  + 1 J 


where  ^5^2  is  the  SNR  of  a  Rayleigh  target  and  given  by 


#S» 2  =  4 

4 


(2.32) 


(2.33) 


(2.34) 


Thus,  the  observed  SNR  of  a  Rayleigh  target  (i.e.,  Swerling  1  or  2  type)  is  exponen¬ 
tially  distributed.  The  PDF  of  the  observed  SNR  for  a  Swerling  1  or  2  type  target  is 
shown  in  Figure  2.7  for  =  10. 

For  N  independent  pulses  (i.e.,  a  Swerling  2  type  target),  the  ML  estimate  [11, 
p.  65]  of  is  given  by 

=  Yn  -  1  (2.35) 

where 


1 


N 


LIKELIHOOD  LIKELIHOOD 
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Figure  2.6  PDF  of  the  RCS  for  Swerling  Targets  with  aave  =  10 


Figure  2.7  PDF  of  3?0  for  Swerling  Targets  with  ^5^,2  =  Tsw4  =  10 
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and  is  the  observed  SNR  of  pulse  k.  The  ML  estimator  is  unbiased  and  efficient 
in  that  it  achieves  the  Cramer- Rao  Lower  Bound  [11,  p.  66] -  The  variance  of  the 
estimator  is  given  by 

VAR[KSro2|S}s„2]  =  !)'  (2.37) 

Note  that  Swerling  2  targets  are  Rayleigh  targets,  and  that  Rayleigh  will  be  used  to 
denote  these  targets  throughout  the  remainder  of  this  report. 


Swerling  Targets  of  Types  3  and  4 


The  PDF  of  the  RCS  for  Swerling  types  3  and  4  is  given  by 


fSw  4  (O’) 


^~eXP  - 


<7  >  0 


(2.38) 


where  *ave  =  E[cr]  is  referred  to  as  the  average  RCS  of  the  target.  Figure  2.6  shows 
the  PDF  of  the  RCS  for  a  Swerling  3  or  4  type  target  with  *ave  =  10.  Again,  given 
that  a  =  0.5 A2,  where  A  is  the  amplitude  of  the  voltage  gain  of  the  target,  (2.38) 
gives  rise  to  pulse  amplitudes  that  are  distributed  according  to 

.  2A3  r  A2i 


fswM\A0) 


exp  - 


A>  0 


(2.39) 


where  A  [A2]  —  2  A2  —  2  *ave.  Note  that  (2.39)  differs  from  the  corresponding  PDF 
given  in  [15,  p.  407],  where  *  =  1.5 A2  for  Swerling  3  and  4.  The  definition  of  A  was 
altered  from  that  of  [15]  so  that  A0  is  consistent  between  (2.28)  and  (2.39). 

If  a  target  amplitude  A  is  distributed  according  to  (2.39)  with  parameter  A0,  the 
PDF  of  a  in  (2.16)  is  given  by 


(2.40) 


fSw 4M<*o)  =  — 4~exp( - 2  ) 

«o  v  <*§/ 

where  a0  =  t/kAoG2(0)po.  Then  using  (2.22)  and  (2.40)  gives 

r  oo 

fsw 4(A|a0,  <r5)  =  J  /(A|o,  (Ts)fsw4{a\cto)  da 

4A  <t%  f  o^A2  1  r  A2 

(«o  +  2<r|)2  2a^(al  +  2cr|)  _  ^  .  (a2  +  2<r|) 


a20A2 


(a2+ [^(4  +  ^)1^' 
Applying  the  transformation  of  variable  of  (2.23)  in  (2.41)  gives 


(2.41) 


f Sw4.i.^o  I  ^£1174) 


1 _ $0 _ 2 

(^5u>4  +  2)2  (3S0  -f  1)  ($tsw4:  “I"  2)3 

X  4(5ft0  +  1)  exp  [  - 

"T  2. 


(2.42) 
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where  ^5^4  denotes  the  SNR  of  a  Swerling  3  or  4  target.  The  PDF  of  the  observed 
SNR  for  a  Swerling  3  or  4  type  target  is  shown  in  Figure  2.7  for  ^5^4  =  10. 

For  N  independent  pulses  (i.e.,  Swerling  4  type  target),  the  approximate  ML 
estimate  of  is  given  by 

&Yn  -  1>  Yn  >  4  (2.43) 

Thus,  for  a  given  Yn  >  4,  the  approximate  ML  estimate  of  the  SNR  of  a  Swerling  4 
target  is  equal  to  the  ML  estimate  of  the  SNR  of  a  Swerling  2  target.  The  approximate 
ML  estimator  is  unbiased,  with  variance  given  by 

VAR[^5w4 1  ^5w4]  =  (Rsw4  +  l)2  — (2.44) 

Comparing  (2.37)  with  (2.44)  indicates  for  a  given  N  and  =  ^Sw4  that  the 

variance  of  the  SNR  estimator  for  the  Swerling  4  target  will  be  slightly  less  than  that 
for  the  Swerling  2.  However,  the  stochastic  distance  between  the  two  distributions 
of  is  rather  small,  as  suggested  by  Figure  2.7  and  illustrated  more  specifically 
in  Section  3.3,  where  an  alternative  model  for  the  dominant-plus-Rayleigh  target  is 
given. 


2.3  Rician  Targets 


Rician  targets  are  composed  of  a  fixed- amplitude  part  and  a  Rayleigh  part  [17]. 
Thus,  the  in-phase  and  quadrature  portions  for  the  sum  signal  of  a  Rician  target  can 
be  expressed  as 

sj  =  a  cos  (f>  +  ft  cos  ip  +  nsi  (2.45) 

sq  =  a  sin  (f>  +  /3  sin  ip  +  usq  (2.46) 

where 


a  =  amplitude  from  the  fixed- amplitude  part  of  the  target 
f3  =  amplitude  from  the  Rayleigh  part  of  the  target 
<f>  =  phase  of  the  fixed-amplitude  part  of  the  target 
ip  =  phase  of  the  Rayleigh  part  of  the  target 


The  phase  ip  is  independent  of  /3  and  is  uniformly  distributed  on  (— 7r,  7r].  The  Rayleigh 
part  of  the  target  is  distributed  according  to 


/Wo)  =  4  exp 
P  0 


0 


2  i 


2/?oT 


10  >  0 


(2.47) 
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Since  P  is  Rayleigh  distributed,  and  ip  is  uniformly  distributed  on  (— 7r,7r],  sj  and  sq 
are  jointly  Gaussian,  independent  random  variables,  when  a  and  p  are  given.  Then 

E[si |a,  p,  p0,  cs]  =  a  cos  p  (2.48) 

<f>,  0Oi  0-5]  =  a  sin  p  (2.49) 

VAR[s/|a,  p,  Po,  0-5]  =  VAR[sg|a,  p,  p0]  =  pi  +  <r|  (2.50) 

The  PDF  of  sj  and  sq  is  then  given  by  [12,  p.  126] 

1 


f(si,SQ\a,p,p0,<TS)  = 


2tt(/?o  +  as) 


x  exp 


1 


-^(s/  —  a  cosp)2  +  (sq  -  a  sin  p)2^  (2.51) 


2(/?o  +  el) 

Performing  the  transformation  of  random  variables  [12,  p.  143]  of  (2.19)  and  (2.20) 
in  the  PDF  of  sj  and  sq  gives 


f(A,p\a,P,P0,<ys)  = 


A 


2tt(/?o  +  (Tg) 


exp 


[-^-cos(p  —  p) 


exp 


{ 


A2  +  Q2 

2(/?02  +  as) 


}  (2-52) 


where  A  >  0,  and  —  7r  <  p  <  tt.  The  phase  p  is  uniformly  distributed  in  the  interval 
(-7r,7r].  Integrating  (2.52)  with  respect  to  p  according  to  [13,  No.  3.937.2]  gives 

A  Io  (WTZ)  exp{  -  2M  +  ^)[A2  +  q2)  }  <2'53> 


f(A\a,p0,<rs) 


00  +  as  K0O  +  a, 


Inserting  <75  =  0  in  (2.53)  shows  that  the  voltage  amplitude  of  the  target  is  Rician 
distributed  [18]  or  [19,  p.  94].  Performing  the  transformation  of  random  variable 
[12,  p.  90]  of  (2.23)  in  (2.53),  and  using  (2.25)  gives  the  PDF  of  the  observed  SNR  as 

,»*)  =  s-L-t/0(_L_v/»A:)  expj  _  +  Sf.]}  (2.54) 


where 


9^  = 


or 

2o-| 


(2.55) 

(2.56) 


Then  using  [13,  No.  6.643.2]  gives 

9£r]  =  ftp  +  +  1  (2.57) 

Thus,  (2.57)  and  (2.24)  give  the  SNR  of  a  Rician  target  as 

9?  =  $lF  +  $R  (2.58) 

Thus,  9?jr  denotes  the  SNR  associated  with  the  fixed-amplitude  part  of  the  target, 
and  &R  denotes  the  SNR  associated  with  the  Rayleigh  part  of  the  target. 
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2.4  Unresolved  Rician  Targets 

In  a  typical  monopulse  radar  system,  the  outputs  of  the  receivers  are  match 
filtered,  and  the  in-phase  and  quadrature  portions  of  the  sum  and  difference  signals 
for  the  merged  measurements  from  M  Rician  targets  can  be  expressed  as 

si 

SQ 

dj 

dq 

where 


22  (&1  cos  4>i  +  Pi  cos  (pi'j  -1-  nsi 

7=1 

M 

22  (ai  sin  <f>i  +  Pi  sin  (p-j  +  nSq 
i=i 
M 

22  (ai>7»  cos  fa  +  P*Vi  cos  Vi)  +  nti 

t=l 

M 

22  («i iVi  sin  4>i  +  Pm  sin  <p^  +  ndQ 


(2.59) 

(2.60) 
(2.61) 
(2.62) 


^  = 
Pi  = 

Pi  = 
Vi  = 
Vi  = 

0i  = 


amplitude  from  the  fixed- amplitude  part  of  target  i 
amplitude  from  the  Rayleigh  part  of  target  i 
phase  of  the  fixed-amplitude  part  of  target  i 
phase  of  the  Rayleigh  part  of  target  i 

=  DOA  parameter  of  target  i 
off-boresight  angle  of  target  i 


GA(6i) 

GM) 


The  phases,  <£>,•,  are  independent  and  uniformly  distributed  on  ( — 7r,  tt].  The  Rayleigh 
parts  of  the  target  amplitudes  are  also  independent,  and  PDF  of  the  Rayleigh  part 
of  target  i  is  given  by 


f(Pi\Pio)  =  -S’  exp 


A 

Pi 0 


p 


2  1 


2  ft 


tO 


Pi>  0 


(2.63) 


Since  Pi  are  Rayleigh  distributed,  and  the  <pi  are  uniformly  distributed  on  (— 7T,  7r]; 
sj,  sq ,  dj,  and  dQ  are  jointly  Gaussian,  independent  random  variables  when  the  0{ 
and  4>i  are  given.  Let 

M 

sj  =  £[5/1^,$]  =  22  ai  cos  Pi  (2.64) 

»=l 
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M 

SQ  =  E[sq\%  $]  =  ^2  (*i  sin  fa 

t=i 

M 

dj  =  E[dj\^,  $]  =  aiVi  cos  <t>i  (2.66) 

1=1 
M 

dQ  =  E[dq\y, $]  =  «,•»/,■  sin  fa  (2.67) 

i=l 

where  $  is  the  parameter  set  {<*i,  /?io,  Vl,  •  •  • ,  «M,  /?MO,  Crf},  and  $  is  the 

parameter  set  {<^i, . . . ,  (j>M,  }•  Also,  let 


M 


Pll  =  VAR[S/|<P ,  *]  =  VAR[*q|$,  ®]  =  £  fa  +  4 

i= 1 

(2.68) 

M 

P2 2  =  VARKI*,  *]  =  VARligl®, »]  =  Y,  Vi&  +  4 

i~l 

(2.69) 

M 

P12  =  COV[s/,d/|^,$]  =  C0V[5Q,dQ|^,$]  =  Y2, ViPiO  +  pcs^d 

i=  1 

(2.70) 

where  VAR[-]  denotes  variance,  and  COV[-,  •]  denotes  covariance.  Note  that 

C0V[5/,5Q|tf,$]  =  COV[d7,dQ|$,$]  =  0 

(2.71) 

and 

COV[s7,dQ|ip,$]  =  COV[d7,SQ|tf,$]  =  0 

(2.72) 

2.5  Sea-Surface-Induced  Multipath 

The  signal  received  from  a  low  elevation  target  in  the  presence  of  sea-surface- 
induced  multipath  includes  four  components  [20,  21]  as  shown  in  Figure  1.5.  The 
first  part  travels  directly  to  the  target  and  returns  directly  to  the  radar,  while  the 
second  part  travels  to  the  target  via  the  sea  surface  and  returns  directly  to  the  radar. 
The  third  part  travels  directly  to  the  target  and  returns  to  the  radar  via  the  sea 
surface,  while  the  fourth  part  travels  to  the  target  via  the  sea  surface  and  returns  to 
the  radar  via  the  sea.  surface.  In  the  presence  of  sea-surface-induced  multipath,  the 
in-phase  and  quadrature  portions  of  the  sum  and  difference  signals  are  given  by 

sj  =  at  cos <f>  +  2 cxtgps  cos (<j>  +  A<f>)  +  at(gpg )2  cos(</>  +  2A fa) 

+  Zatgpd  cos ((j)  +  fa  +  A fa)  +  at(gpd)2  cos (<j>  +  2<f>d  +  2 A fa)  +  nSi 
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sq  -  at  sin <f>  +  2atgps  sin (<£  +  A <f>)  +  at(gps)2  sin (<f>  +  2A(f> ) 

+  2 atgpd  sin (<f>  +  <f>d  +  A <f)  +  at(gpd )2  sin((£  +  2<£d  +  2A(f>)  +  nsg  (2-74) 

d/  =  &tVt  cos +  7//)5f/»5  cos(<£  +  A<?i)  +  atVl(9Ps)2  cos (<£  +  2A<£) 

+  «<(?/<  +  cos(^  +  4>d  +  A<£)  +  atT]j(gpd )2  cos(<£  +  2 <j>d  +  2A<£)  +  nd/(2.75) 

</q  =  atr]t  sin (j)  +  «<(??<  +  m)gps  sin(^  +  A (j>)  +  atgj(gps)2  sm(<j)  +  2A <j>) 

+  at(7]t  +  7 u)gpd  sin(<^  +  <j>d  +  A<£)  +  atgi(gpd)2  sin (</>  +  2<j>d  +  2 A <f>)  +  n^(2.76) 


where 


«i  = 

<j>  = 
0t  = 
01  = 
Vt  = 

m  = 

g  = 
A<£  = 

fa  = 

PS  = 
Pd  = 


amplitude  of  the  target  echo  in  the  absence  of  multipath 
phase  of  the  directly  returned  signal  echo 
olf-boresight  angle  of  the  target 
off-boresight  angle  of  the  target’s  image 


DO  A  of  the  target 
DOA  of  the  target’s  image 


GM) 

GM) 

G^iOi) 

Gz(0i) 

Gx(9t) 

phase  difference  between  the  direct  and  specular  reflections 
uniformly  distributed  phase  of  the  diffuse  reflections 
specular  reflection  coefficient 

Rayleigh  diffuse  reflection  coefficient  with  Rayleigh  parameter  pdo 


The  first  term  on  the  right  side  of  (2.73)  and  (2.74)  corresponds  to  the  echo  received 
directly  from  the  target,  while  the  second  and  third  terms  correspond  to  the  three 
echoes  that  are  the  result  of  the  specular  reflection  at  the  sea  surface.  The  fourth 
and  fifth  terms  represent  three  echoes  that  result  from  the  diffuse  reflections  at  the 
sea  surface.  The  phase  information  associated  with'  <f>  in  the  fourth  and  fifth  terms  is 
lost  due  to  the  presence  of  the  random  phase,  <f>d.  In  the  difference  signals  of  (2.75) 
and  (2.76),  the  second  and  fourth  terms  on  the  right  side  of  (2.73)  and  (2.74)  include 
echoes  from  two  different  DOAs,  rjt  and  r/j.  The  A<f>  includes  the  phase  difference 
due  to  both  the  Path-Length  Difference  (PLD)  and  the  specular  reflection  at  the 
sea  surface,  which  is  approximately  w.  Both  ps  and  pdQ  depend  on  the  sea  state, 
properties  of  the  seawater,  polarization  of  the  transmitted  waveform,  grazing  angle 
at  the  point  of  the  sea-surface  reflection,  and  wavelength  A  of  the  carrier. 
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Following  the  development  in  [21],  the  PLD  is  given  by 


A  r  =  rt i  +  rn  -  rt 


(2.77) 


where 


rt i  =  distance  from  the  radar  to  the  sea-surface  reflection  point 
rt2  =  distance  from  the  target  to  the  sea-surface  reflection  point 
rt  =  distance  from  the  radar  to  the  target 

In  simulations,  the  r*  is  known,  and  and  are  found  by  simultaneously  solving 


ri2{2rehr  +  h2  -  r2n)  =  rtl(2reht  +  h]  -  r?2) 
r2e[{rn  +  rt2 )2  -  rf2]  =  (2 rehT  +  h2  -  r^)(2reht  +  h]  -  r2n) 


(2.78) 

(2.79) 


where 


re  =  radius  of  the  earth 


hr  =  height  of  the  radar  above  the  sea  surface 
hf  =  height  of  the  target  above  the  sea  surface 
Then  rn  is  used  to  compute  the  grazing  angle  as 


ipga  =  sin 


.  —i  (2 rehT  T  h% 


2rern 


The  elevation  angle  of  the  target’s  image  is  given  as 

Ei  =  Et-  sin-1  sin  2x/)ga 


(2.80) 


(2.81) 


where  Et  is  the  elevation  angle  of  the  target  from  the  radar.  The  off-boresight  angles 
(i.e.,  angles  of  arrival)  Of  and  0j  are  related  to  the  elevation  angles  by 


@t  =  Et  —  Eo 

0i  —  Ej  -  E0 

where  Eq  is  the  elevation  angle  of  the  antenna  boresight. 

The  specular  reflection  coefficient  is  computed  as 

f  r  exp(— 8t T2g20),  0  <  g0  <  0.1 
PS  =  <  0.81254 

[  riT8^f’  90  -  °-1 


(2.82) 

(2.83) 


(2.84) 
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Table  2.1  Numerical  Values  for  Multipath  Parameters 


10  c 

20  C 

UNITS 

eg 

72.2 

69.1 

- 

r 

1.21  x  10"11 

9.21  x  10"12 

s 

3.6  x  1010 

4.7  x  1010 

s-1 

where 


<?h  .  , 

9o  =  y  sin  xpga 


T  = 


IV,  vertical  polarization 
Tff,  horizontal  polarization 


= 


sin  rpgg  -  \Jec-  cos2ipga 
sin  +  \Jtc-  cos2ipga 


TV  = 


Cc  sin  Ipga  -  sftc  -  cos2V’ga 
ec  sin  ipga  +  \/tc—  cos2ipga 


£c  = 


eg  ~  eg  _  ./(eg  ~  eo)tucr 
1  +  u>£r2  ^  \  1  +  w|r2 


(2.85) 

(2.86) 

(2.87) 

(2.88) 

(2.89) 


ah  =  RMS  sea-surface  elevation  above  the  mean  level 
es  =  static  dielectric  parameter  of  the  seawater 
eo  =  4.9  for  seawater 
t  =  relaxation  time  of  the  seawater 
<7j  =  ionic  conductivity  of  the  seawater 

Table  2.1  gives  numerical  values  for  es,  t,  and  cr;  at  seawater  temperatures  of  10  C 
and  20  C.  The  Rayleigh  parameter  for  the  diffuse  reflection  coefficient  is  computed  as 

{\/2|r|3.68flr0,  0  <  <70  <  0.1 

x/2|r|(0.454  -  0. 858#0 ),  0.1  <  g0  <  0.5  (2.90) 

V2|r|0.025,  g0  >  0.5 
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2.6  Monopulse  Processing  for  DOA  Estimation 


In  this  section,  conventional  monopulse  processing  for  DOA  estimation  is  sum¬ 
marized.  In  a  typical  monopulse  system,  the  angle  of  arrival  6  is  approximated  by 

6  K  -J-V  (2.91) 

where  1  <  km  <  2,  and  0Bw  is  the  3-dB  beamwidth  of  the  antenna  pattern  (i.e., 
the  angle  between  the  two  one-half  power  points  of  the  antenna  pattern).  The  linear 
approximation  to  the  monopulse  error  function  is  usually  appropriate  for  -Q.lbQBW  < 
9  <  0 .759bw-  Denoting  s  =  sj+jsg  and  d  =  dj  +  jdQ,  the  in-phase  and  quadrature 
parts  of  the  monopulse  ratio  are  given  by 


d  djsj  +  sndn 

S  si-rsQ 


(2.92) 


(2.93) 


Typically,  yj  is  taken  as  the  estimate  of  the  DOA,  which  gives  the  angle-of-arrival 
estimate  as 

9  =  ~v~VI  (2-94^ 


The  variance  of  yj  is  often  reported  in  the  literature  [1,  p.  309]  as 


1  r  2 

-  R>13dB 


(2.95) 


where  9?  is  the  SNR  of  the  sum  channel.  Estimates  of  the  variance  of  yj  are  often 
computed  by  setting  77  =  ?//  in  (2.95).  An  estimate  of  the  variance  of  the  angle  of 
arrival  is  given  by  (2.94)  and  (2.95)  as 


®BW_2 
1,2  avn 

Krrt 


3?  >  13  dB 


(2.96) 


Several  authors  [1,4-6]  have  shown  that  yj  is  a  notably  biased  estimate  of  DOA  at 
moderate  and  low  SNR.  The  bias  is  often  reported  in  the  literature  [1,  p.  305]  as 

E\yi\  ~  V  =  {p~r  ~  V)  exp[-3£]  (2.97) 


Seifer  showed  in  [4,5]  that  (2.97)  is  an  optimistic  assessment  of  the  bias  when  the  mea¬ 
sured  amplitude  of  the  sum  signal  is  subjected  to  a  threshold  test  prior  to  monopulse 
processing. 

This  completes  of  the  background  material  on  monopulse  radar  systems.  Estima¬ 
tion  of  the  target  amplitude  parameters  and  discrimination  between  various  amplitude 
distributions  are  considered  in  the  next  chapter. 
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Chapter  3 

TARGET  AMPLITUDE  ESTIMATION 
AND  DISCRIMINATION 


The  DOA  estimation  developed  in  Chapter  5  depends  on  the  amplitude  distri¬ 
bution  and  its  parameters.  Thus,  this  chapter  addresses  the  estimation  of  the  target 
amplitude  parameters,  which  define  the  SNR,  and  discrimination  between  various 
models  for  the  amplitude  fluctuations.  The  interest  in  target  amplitude  or  RCS  and 
the  distribution  of  its  fluctuations  has  been  motivated  by  the  need  to  develop  Re¬ 
ceiver  Operating  Characteristic  (ROC)  curves  for  radar  system  design  [14,  p.  46]. 
In  the  design  process,  the  amplitude  distribution  of  the  targets  of  interest  and  the 
corresponding  ROC  curves  are  used  to  design  the  radar  system,  which  includes  the 
power  of  the  transmitter,  waveforms,  detection  threshold,  etc.  The  inflexibility  of  this 
hardware  has  limited  the  dynamic  optimization  of  the  system  for  each  target  and, 
thus,  real-time  or  on-line  estimation  of  the  target  amplitude  parameters  and  discrim¬ 
ination  between  amplitude  distributions  have  received  little  attention.  However,  with 
the  advent  of  new  hardware  and  digital  signal  processing,  dynamic  optimization  of 
the  system  for  each  target  is  now  feasible. 

The  Probability  Density  Function  (PDF)  of  the  measured  amplitude  of  the  sum 
signal  is  presented  for  M  unresolved  Rician  targets,  which  are  each  composed  of 
a  fixed-amplitude  part  and  a  Rayleigh  part.  The  PDF  and  associated  statistics  of 
the  measured  amplitude  are  used  to  develop  Cramer- Rao  Lower  Bounds  (CRLBs), 
ML  estimators  and/or  MM  estimators  for  the  amplitude  parameters  of  Rayleigh, 
fixed-amplitude,  and  Rician  targets  as  well  as  a  new  dominant-plus-Rayleigh  model, 
which  is  proposed  as  an  alternative  to  the  Erlang  distribution  of  Swerling  3  and  4 
targets.  The  waveform  requirements  for  reliable  discrimination  between  Rayleigh, 
fixed-amplitude,  and  dominant-plus-Rayleigh  targets  are  considered.  The  PDF  of 
the  measured  amplitude  of  two  unresolved  Rician  targets  is  studied,  and  an  MM 
estimator  is  developed  for  the  amplitudes  of  two  unresolved,  fixed-amplitude  targets. 
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The  PDF  and  statistics  of  the  measured  amplitude  of  a  fixed-amplitude  target  in  the 
presence  of  multipath  is  also  presented,  and  MM  estimators  of  the  target  amplitude 
and  relative  phase  of  the  target  and  the  sea-surface  echoes  are  developed. 

In  a  typical  monopulse  radar  system,  the  outputs  of  the  receivers  are  match 
filtered,  and  the  in-phase  and  quadrature  components  of  the  sum  signal  for  the  merged 
measurements  from  M  Rician  targets  can  be  expressed  as 

M 

SI  =  (a*  COS  fa  +  &  cos  Vi)  +  nSI  (3.1) 

i=l  J 

M 

sQ  =  Y1  (ai  sin  fa  +  &  sin  Vi)  +  nSQ  (3.2) 

1=1  J 

where 

ai  =  amplitude  from  the  fixed-amplitude  part  of  target  i 
Pi  =  amplitude  from  the  Rayleigh  part  of  target  i 
pi  =  phase  of  the  fixed-amplitude  part  of  target  i 
Pi  =  phase  of  the  Rayleigh  part  of  target  i 
nsi  ~  N(0,as) 
nSQ  ~  N(0,4) 

with  N(x,  <tx)  denoting  a  Gaussian  distribution  with  mean  x  and  variance  <7^.  Also, 
with  E\-\  denoting  expected  value, 

^[«57«S£?]  =  0  (3.3) 

The  phases  v?,-  are  independent  and  uniformly  distributed  on  (-tt,x].  The  Rayleigh 
parts  of  the  target  amplitudes  are  also  independent,  and  the  PDF  of  the  Rayleigh 
part  of  target  i  is  given  by 

fWio)  =  exp  -A.]  ,  pt  >  0  (3.4) 

Pio  ZPiOJ 

where  pi0  is  the  Rayleigh  parameter  of  target  i.  Since  Pi  are  Rayleigh  distributed, 
and  the  <fi  are  uniformly  distributed  on  ( — 7T ,  7r] ,  sj  and  sq  are  jointly  Gaussian, 
independent  random  variables  when  the  at  and  pt  are  given. 

Since  sj  and  sq  are  jointly  Gaussian,  independent  random  variables  given  the  a,- 
and  pi,  the  PDF  of  sj  and  sQ  is  fully  defined  the  means  and  variances.  Let 

M 

sj  =  i?[s/|0,  $]  =  ^  ^  cos  pi 


(3.5) 
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M 

&Q  =  E[sq |0,  $]  =  a*  Sin  ^  (3‘6) 

where  0  denotes  the  parameter  set  {«i,  /?io, . . . ,  OiMi^MQi  0's}  and  $  denotes  the 
parameter  set  {(fo, . . . ,  Pm)  Also,  let 

M 

Pu  =  VAR(s/|e,  4>]  =  VAR[^|0,  *1  =  £  f>l  +  <r$  (3.7) 

*=1 

where  VAR[-j  denotes  variance.  With  COV[>,  •]  denoting  covariance,  note  that 

COV[s7,sQ|0,$]  =  O  (3.8) 


Letting  A  and  ip  denote  the  measured  amplitude  and  phase  of  the  sum  signal 


gives 


sj  =  A  cos  ip 
sq  =  A  sin  ip 


(3.9) 

(3.10) 


where  —  %  <  ip  <  it.  Writing  the  measured  amplitude  of  the  sum  signal  in  the  form 
of  SNR  gives 


3£0  = 


(3.11) 


where  9?0  is  referred  to  as  the  observed  SNR.  From  Section  2.4,  the  SNR  of  Rician 
target  i  is  given  as 

=  Rfi  +  $Ri  (3.12) 


where 


«  ~  ~2 


(3.13) 


(3.14) 


The  denotes  the  SNR  associated  with  the  fixed-amplitude  part  of  target  i,  and 
dtjti  denotes  the  SNR  associated  with  the  Rayleigh  part  of  target  i.  Also,  let 


=  ^2  ®Fi 
i= 1 

M 

ft-H  =  ^  l'7fi 


(3.15) 


(3.16) 
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The  following  theorem  gives  the  PDF,  mean,  and  variance  of  3?0,  when  sj  and 
sq  are  Gaussian.  The  development  of  the  PDF  of  the  observed  SNR  0?o  utilizes  the 
PDF  of  the  measured  amplitude  A,  which  is  derived  by  applying  the  transformation 
of  random  variables  of  (3.9)  and  (3.10)  in  the  PDF  of  sj  and  sq,  and  integration  of 
the  results  with  respect  to  ij). 

Theorem  3.1  Let  the  in-phase  and  quadrature  signals  sj  and  sq  be  Gaussian  sig¬ 
nals  with 


SI  =  £[3/1©,$] 

(3.17) 

5q  =  £[SC|0,$] 

(3.18) 

Pn  =  £[(s;  -  3j)2|@, 4]  =  £[(S<?  -  sQ)2|0, 4] 

(3.19) 

and  E[(si  -  $i)(sq  -  sq)|0]  =  0,  where  0  denotes  the  set  of  given  parameters.  Then 
the  PDF  of  the  measured  amplitude  of  the  signal  is  given  by 


/(Me,  o)  =  exp[  _  J-(a* + $ + 4) 


(3.20) 


where  70(-)  is  the  zero-order  modified  Bessel  function  of  the  first  kind.  The  PDF  of 
the  observed  SNR  of  the  signal  is  given  by 


m0  ie,*)  = 


and 


1  T(  2VK 
&R  +  1  °UiJ  +  l' 


2  <?s 


+ 


~sh\ 


2a2sJ 


eXP 


*Jl  + 


r(So+2?|(^+5«))] 


(3.21) 


£[#„|0.*]=2^(5?  +  3$)+Pll 
s 

=  ^t(^7  +  Sq)  +  Mr  +  1  (3.22) 

s 

VAR[9?O|0,  $]  =  pn  ^ '(sj  +  sq)  + 

s 

=  (®R  +  l)  {^(sj  +  s2q)  +  fftR  +  l)  (3.23) 

s 

Proof:  See  Theorem  A.l  of  Appendix  A. 


The  results  of  Theorem  3.1  are  utilized  in  this  chapter  to  develop  the  CRLBs,  ML, 
and  MM  estimators  for  the  amplitude  parameters  of  various  amplitude  distributions, 
and  discrimination  algorithms  for  various  amplitude  distributions.  In  Section  3.1,  M 
unresolved  Rayleigh  targets  are  considered.  A  fixed-amplitude  target  is  considered 
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in  Section  3.2,  while  the  new  dominant-plus-Rayleigh  target  is  considered  in  Sec¬ 
tion  3.3.  The  waveform  requirements  for  reliable  discrimination  between  Rayleigh, 
fixed- amplitude,  and  dominant-plus-Rayleigh  targets  are  considered  in  Section  3.4, 
and  an  example  of  discrimination  is  given  in  Section  3.5.  A  single  Rician  target  is 
considered  in  Section  3.6,  while  the  PDF  of  the  measured  amplitude  of  two  unresolved 
Rician  targets  is  studied  in  Section  3.7.  An  MM  estimator  for  the  amplitudes  of  two 
unresolved,  fixed-amplitude  targets  is  developed  in  Section  3.8,  while  the  PDF  and 
statistics  of  the  measured  amplitude  of  a  fixed- amplitude  target  in  the  presence  of 
multipath  are  presented  in  Section  3.9. 


3.1  Rayleigh  Targets 

The  in-phase  and  quadrature  components  of  the  sum  signal  for  M  unresolved 
Rayleigh  targets  is  given  by  (3.1)  and  (3.2)  with  ct;  =  0  for  all  i.  Then  sj  =  0, 
sq  —  0  and  (3.20)  indicates  that  the  measured  amplitude  of  M  unresolved  Rayleigh 
targets  in  the  presence  of  Gaussian  receiver  noise  is  also  Rayleigh  distributed.  Setting 
sj  =  sq  =  0  in  (3.21)  gives  the  PDF  of  the  observed  SNR  for  M  unresolved  Rayleigh 
targets  as 

=  STM “*{■ -  sffl}’  *•*«>  (3'24) 

where  Qr  denotes  the  parameter  set  {/?io,/?20 ,<rs}.  Setting  s/  =  sq  =  0  in  (3.22)  and 
(3.23)  gives 

=  8*  +  1  (3.25) 

VA#[80|$]  =  [9Rr  +  l]2  (3.26) 


Since  the  PDF  of  9?0  for  M  unresolved  Rayleigh  targets  is  equivalent  to  the  PDF 
of  a  single  Rayleigh  target,  the  parameter  estimation  for  a  single  Rayleigh  target 
is  equivalent  to  that  for  M  Rayleigh  targets.  Thus,  for  N  independent  samples  or 
pulses,  the  ML  estimate  of  is  given  by 

N 

=  ar9  max  TT  /(3?ojfc|0ij)  (3.27) 

R*>0t=i 

where  denotes  the  observed  SNR  for  pulse  k.  Let 


N 

Cn($r)  =  IJ  /(R.*|*) 

»=i 


(SITTFexp 


NYn  i 
Mr  + 1- 


(3.28) 
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where 


Then  9^  satisfies 


1  N 

y"  =  *£*•* 


k=l 


d 


where 


dStR 


CnWr) 


Xr=Xr 


d$R 


CnWr)  = 


NYn  jvl 

1 

NYn  1 

1(*A  +  1)  J 

L(^  +  i)Af+1j 

exp 

®R  +  lJ 

Thus,  the  ML  estimate  of  is  given  by 


N 


k= 1 


i—  1 


and  the  variance  of  the  estimator  is  given  by 

2.E[aU|eK]  ■ 

,  (*-i) 


(3.29) 

(3.30) 

(3.31) 


(3.32) 


&r  =  Yn  -  1  =  -1  +  jy  hjv  >  1 

Jfc=l 

The  estimator  is  unbiased  since 

1  N  VN 

mR\eR]  =  -1  +  JT  £  -EPM©*]  =  -1  +  T7  £(»*  +  1)  =  »JI  (3.33) 


vARfoie*]  =  1  -  -  2£[«„i|0K]  +  +  ^£[(«u)aie*] 


N 


=  -(^  +  l)2  + 
(^  +  1)2 


TV 


(»«  +  l)a  +  ^(«jl  +  l)2 


iV 


(3.34) 

Since  the  variance  of  the  estimate  in  (3.34)  is  also  the  CRLB  for  any  unbiased  estimate 

✓N 

of  sRr  is  an  unbiased,  efficient  estimator  of  Sftg. 


Since  Y/y  is  the  test  statistic  for  the  detection  of  Rayleigh  targets  with  multiple 
subpulses  at  distinct  frequencies,  the  PDF  of  Yjy  is  useful  in  characterizing  the  perfor¬ 
mance  of  the  detector  and  selection  of  the  optimal  number  of  subpulses  or  frequencies 
for  detection.  The  PDF  of  Y ^  is  found  by  first  computing  the  characteristic  function 
[12,  p,  115],  which  is  given  by 

‘f'l'.vM  =  £[  expO'uK«)] 

=  S[II  exp(;^9U)] 

k=  1 


=  w^twUX  exp(°>*+1)  - 

(l  ~ju($R  +  1)) 


(3.35) 
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Figure  3.1  PDFs  of  the  ML  Estimates  of  9ft#  for  N  =  2,  4,  and  6 
Then  the  PDF  of  Yjy  is  given  by 


/OOv|0Jl)=/  exp(  -  juYN\  du> 

J  —  OO  '  ' 

Nn 


(Ril + 1)" 

Nn 


f°°  (  N  \~N 

J-oo 


Y, 


N- 1 


JV 


exp 


JWV_ 

9ft  i?  + 1 


iv  >o 


(3.36) 


(N-1)\(Kr  +  1)n 

which  is  the  Erlang  density.  The  PDF  of  (3.36)  can  be  shown  to  be  equivalent  to  the 
PDF  of  NYn  given  in  [15,  p.  404]. 


Assigning  !K#  —  0  for  Yr  <  1.0  gives  the  PDF  of  9?#  as 

f@R\&R)  =  <[8r](i  -  r(Jv,  gA-j)) 

,  NN  (Sfl+l)"-1  f  Srs„  +  i 
(W-l)'  (Mj>+  1)«  exp[  *jt  +  l 

where  r(-,  •)  denotes  the  Incomplete  Gamma  function  [13,  p.  949],  and  £[•]  is  the  Dirac 
delta  function.  While  assigning  9ft#  =  0  for  Y/v  <1.0  gives  an  ML  estimator  of  9ft#, 
no  claims  are  made  concerning  the  efficiency  of  9ft#  when  Yr  <  1.0. 


,  §J#>0  (3.37) 


PDFs  of  9ft#  are  illustrated  in  Figure  3.1  for  N  —  2,  4,  and  6  and  9ft#  =  13  dB. 
Note  that  the  PDFs  of  Y #  and  9ft#  given  in  (3.36)  and  (3.37)  correspond  to  the  case 
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Table  3.1  tilth  for  Various  Values  of  Pfa  and  N 


in  which  no  detection  threshold  test  other  than  the  constraint  of  tilR  >  0  has  been 
applied  to  Ypf  (or  tilR),  while  the  tracking  requires  a  threshold  test  of  in  order 
to  prevent  the  processing  of  false  alarms.  For  tilR  =  13  dB,  N  =  4,  and  a  detection 
threshold  of  tilR  near  6  dB  (or  4.0),  Figure  3.1  shows  that  the  PDF  of  tilR  will  be 
changed  very  little  by  considering  the  detection  threshold  test.  Letting  tilth  be  the 
detection  threshold  value  for  Y^  gives  the  probability  of  a  false  alarm  as 


f(x\®R,  =  0)  dx  =  T(N,  Ntilth) 


and  the  probability  of  detection  is  given  by 


r  00 

Pd  =  /  /(* \Qr)  dx  =  T(N, 

mih 


mh 

tilR  +  1 


Then,  the  PDF  of  Y n  is  given  by 

atN  yN- 1 

exp 

Thus,  the  corresponding  PDF  of  &R  for  tilth  >1.0  is  given  by 
/(*b|e*,$*  >  *»  +  l)  =  ,,,  N"  „  +  exp  \-A 


_ _ _ \_tt-  ■  2J_  AT  11 

(N  -  1)!  Pd  (tilR  +  1)N  exP  ~IV^Ti 


nyn 

'®R  +  1 


tilR  + 1 


(3.38) 


(3.39) 


(3.40) 


tilth  >  1-0 
(3.41) 


For  a  radar  dwell  providing  total  SNR,  tilT  =  NtilR,  let  Nopt  denote  the  number 
of  subpulses  (i.e.,  frequencies)  that  maximizes  the  probability  of  detection,  Pd-  Thus, 
the  optimization  problem  can  be  stated  as  follows.  Given  til?  and  Pfa ,  find 


N2  tilth 

N°pt  =  <"*  T>i  rw %+# 


(3.42) 
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where  $lth  is  specified  by 

Pfa  =  r(N,Nftth)  (3.43) 

Table  3.1  gives  3^/,  for  various  values  of  Pfa  and  N,  while  Table  3.2  gives  Pd  for 
Pfa  =  10“3  and  various  values  of  9f l?  and  N.  The  Nopt  are  denoted  in  Table  3.2  as 
bold.  For  a  Pfa  =  10— 3 ,  Table  3.2  shows  that  for  =  10,  Nopt  =  2;  for  9^  =  20, 
Nopt  —  4;  and  for  3 fiy  =  30,  Nopi  =  7.  Note  that  for  Pfa  =  10-3  and  >  40, 
Nopt  >  10.  Tables  3.3  through  3.7  give  Pd  for  Pfa  =  10-4,  10-5,  10-6,  10-7,  10-8, 
and  various  values  of  and  N.  Thus,  the  results  of  Tables  3.2  through  3.7  show 
Nopt  for  N  <  10  and  3?#  <  50.  Note  that  for  Pfa  <  10-4  and  3 fjj1  <  10,  Nopt  =  1. 

3.2  Fixed- Amplitude  Target 

The  in-phase  and  quadrature  components  of  the  sum  signal  for  a  fixed-amplitude 
target  is  given  by  (3.1)  and  (3.2),  with  Oj  =  0  for  all  i  >  1  and  /?;  =  0  for  all  i.  Then 


sj  =  =  ai  cos  <f>  1 

(3.44) 

sq  =  E[sq\®fM  =  ai  sin  <f>i 

(3.45) 

Pn  =  VARts/IGjr,  </>i]  =  VAR[sq|0,  cj>]  =  a2s 

(3.46) 

where  Op  denotes  the  parameter  set  {01,(75}.  Using  (3.44)  through  (3.46)  for  sj,  sq , 
and  pn,  and  /%  =  0  for  all  i  in  (3.21)  gives  the  PDF  of  the  observed  SNR  for  fixed- 
amplitude  target  as 

/(K„|0jfO  =  Jo(2vX^Fi)  exp  I  -  (to,  +  3?fi)},  $R0  >  0  (3.47) 

which  agrees  with  that  given  in  (2.26).  Note  that  the  PDF  of  the  observed  SNR  is  a 

Rician  PDF,  where  the  “Rayleigh  part”  as  is  known.  Using  (3.44)  through  (3.46)  in 

(3.22)  and  (3.23)  gives 

•E[9®o|@f’]  =  9£fi  +  1  (3.48) 

VAR[$0\Of]  =23?f1  +  1  (3.49) 


For  a  single,  fixed-amplitude  target,  the  CRLB  [11,  p.  66]  of  3?^  for  N  independent 
observations  of  3?0  is  given  by 


Wfi)  =  E 


d2m0  i0f)i 
dWF1  . 


23^i?i 
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Table  3.2  Pd  for  Rayleigh  Targets  and  Pfa  —  10~3 


Pulses 

Total  SNR  (&T) 

N 

30 

1 

0.533 

0771  9 

2 

0.543 

0.794 

3 

0.519 

0.817 

4 

0.487 

0.823 

0.930 

5 

0.451 

0.821 

0.936 

6 

017 

0.815 

0.939 

7 

0.385 

0.806 

0.941 

8 

0.355 

0.794 

0.940 

9 

0.327 

0.781 

0.938 

10 

0.303 

0.768 

0.936 

Table  3.3  Pd  for  Rayleigh  Targets  and  Pfa  =  10-4 


Pulses 

Total  SNR  (£t) 

N 

30 

40 

1 

0.799 

2 

0.710 

0.891 

3 

0.725 

0.864 

0.924 

4 

0.724 

0.879 

0.941 

5 

0.714 

0.885 

0.949 

6 

(TT)54 

7 

0.681 

0.886 

0.957 

8 

0.662 

0.882 

0.958 

9 

0.641 

0.878 

0.958 

10  1 

0.620 

0.872 

0.958 

Table  3.4  Pd  for  Rayleigh  Targets  and  Pfa  =  10~5 


Pulses 

Total  SNR  (»T) 

N 

20 

30 

40 

1 

0.690 

2 

0.776 

3 

0.807 

4 

0.820 

5 

0.823 

0.916 

6 

0.922 

7 

0.555 

0.816 

0.924 

8 

0.528 

0.808 

0.924 

9 

0.503 

0.800 

0.924 

10 

0.474 

0.788 

0.921 
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Table  3.5  Pd  for  Rayleigh  Targets  and  P/0  =  10~6 


Pulses 

Total  SNR  (»r) 

N 

20 

30 

40 

1 

invsnH 

nan  zm 

2 

3 

4 

0.755 

5 

0.497 

0.754 

0.877 

6 

jnHH| 

7 

0.437 

0.737 

0.882 

8 

0.405 

0.723 

0.880 

9 

0.376 

0.708 

0.877 

10 

0.348 

0.692 

0.872 

Table  3.6  Pd  for  Rayleigh  Targets  and  Pfa  =  10  7 


Pulses 

Total  SNR  (»r) 

N 

20 

30 

40 

50 

1 

0.464 

0.594 

0.481 

0.664 

0.463 

0.684 

wmm 

0.687 

— 

6 

0.367 

7 

0.334 

mmM 

i 

I 

8 

0.633 

9 

0.273 

0.613 

0.919 

10 

0.247 

0.592 

0.918 

Table  3.7  Pd  for  Rayleigh  Targets  and  Pfa  =  10  8 


Pulses 

Total  Sh 

IR  (3?t) 

N 

20 

30 

40 

1 

IKfi  liSp 

0.638 

0.697 

2 

0.726 

0.798 

3 

1 

1 

4 

mbhE 

0.775 

0.862 

5 

0.317 

0.874 

6 

0.281 

0.587 

0.778 

7 

0.249 

0.566 

0.774 

0.883 

8 

0.219 

0.543 

0.766 

0.883 

9 

0.194 

0.520 

0.757 

0.883 

10 

0.169 

0.494 

0.745 

0.879 
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1.3 

1.25 

1.2 

Sc 

11-15 

o> 

1.1 

1.05 

1 

0  2  4  6  8  10  12  14  16  18  20 

SIGNAL— TO-NOISE  RATIO  (dB) 

Figure  3.2  Graphical  Definition  of  the  CRLB  for  5ft p  and  Efficiency  of  the  MM 
Estimate  5ftp 

where 

9i(^Fi)  =  g  ~^Fl  +  J  xli\0  x^Fi^j  exp(  -  x  -  Sft^)  dx  (3.51) 

and  J1|0(  )  is  the  first-order  modified  Bessel  function  /i(-)  divided  by  /o(-).  Figure  3.2 
shows  that  ^(5ft/rj)  varies  from  1.3  at  5ftf.  =  1  dB  to  1.0  for  large  values  of  5R p\ .  Thus, 
for  5ft^?!  >  10  dB,  J(5ft^i)  2N~1^StF1. 

Using  (3.48)  gives  the  MM  estimator  of  5ftjri  as 

1  N 

$Fi  =  Yjf  -  1  =  -1  +  —  £  5ftofc  (3.52) 

i—1 

Then  5ft  7?  j  is  an  unbiased  estimator  with  variance  given  by 

VAR[»fl|K„]  =  ™£1±±  =  ^p-g2(®FI)  (3.53) 

where  tf2Oft.Fi)  is  shown  in  Figure  3.2.  Comparing  #2(^1)  with  tfi(5ft,Fi)  shows  that 
the  variance  of  5ftfi  approaches  the  CRLB  for  5ft j?!  >  16  dB. 

The  ML  estimator  is  considered  next  for  cases  where  the  efficiency  of  the  MM 
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estimator  is  unacceptable.  The  ML  estimate  of  satisfies  [11,  p.  65] 

h(&Fl)  =  -®F1  +  ^ok$Flh\G{2\/&Fl$ok)  =  0  (3.54) 

k—1 


Then  3ft jri  can  be  found  using  Newton’s  method  with  the  nth  iteration  given  by 


Sp(«+1) 

Jtf  l 


h&Fl) 

h'0°l) 


(3.55) 


where 


k=l 


Jb=  1 


(3.56) 

(3.57) 


The  initial  value  9ft*p] 


is  obtained  by  using  the  approximation 


A|o(*)  =  1  -  x  >  1.0  (3.58) 

in  (3.54)  and  the  quadratic  formula  to  solve  approximately  for  Also,  note  that 

the  square-root  function  of  the  quadratic  formula  was  approximated  by  the  first  two 
terms  of  the  binomial  series  expansion  in  [13,  No.  1.114]. 


Monte  Carlo  simulations  with  20,000  experiments  were  conducted  to  study  the 
performances  of  the  ML  estimator,  SRpi,  and  the  approximate  ML  estimator,  In 
the  simulation  studies,  values  of  3ftfq  from  1  dB  to  20  dB  and  N  =  2,  4,  and  8  were 
considered.  Figure  3.3  shows  the  sample  average  of  the  errors  in  both  estimators, 
while  Figure  3.4  shows  the  sample  standard  deviation  of  the  errors  normalized  with 
the  square  root  of  the  CRLB  in  (3.50).  Figure  3.3  shows  that  the  approximate  ML 
estimator  is  notably  more  biased  than  of  the  ML  estimator  for  5R <  7  dB.  However, 
the  sample  standard  deviation  of  the  error  of  the  approximate  ML  estimator  is  less 
than  the  CRLB  for  <  7  dB.  Figures  3.3  and  3.4  indicate,  as  expected  [11,  p.  71], 
that  the  bias  in  the  ML  estimator  decreases,  and  the  sample  variance  of  the  errors  of 
the  ML  estimator  approach  the  CRLB  as  N  increases.  However,  for  many  applications 
and  >  10  dB,  provides  an  acceptable  estimate. 
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Figure  3.3  Sample  Average  of  the  Errors  in  and  the  ML  Estimator  Iftpi 


Figure  3.4  Sample  Standard  Deviation  of  the  CR.LB  Normalized  Errors  in  and 
the  ML  Estimator 
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3.3  Dominant-Plus-Rayleigh  Target 

The  RCS  fluctuations  of  Swerling  3  and  4  targets  are  referred  to  as  one-dominant- 
plus- Rayleigh  model  in  [14,  p.  407].  However,  discrimination  between  a  Swerling  2 
(i.e.,  Rayleigh  )  target  and  a  Swerling  4  target  using  Generalized  Maximum  Likelihood 
(GML)  detection  and  20  subpulses  or  frequencies  is  shown  via  simulation  results  in 
[16]  to  result  in  error  rates  of  15  to  20  percent.  The  stochastic  distance  between  the 
two  distributions  for  the  observed  SNR  was  considered  to  better  understand  the  poor 
discrimination.  The  J-Divergence  distance  [22,  p.  341]  between  the  observed  SNR  for 
a  Swerling  4  target  and  the  observed  SNR  of  a  Rayleigh  target  is  shown  in  Figure  3.5 
for  various  values  of  SNR.  The  J-Divergence  distance  between  the  Swerling  4  and 
Rayleigh  targets  appears  rather  small  when  compared  to  the  J-Divergence  distance 
between  the  observed  SNRs  of  fixed- amplitude  and  Rayleigh  targets.  Furthermore, 
the  J-Divergence  distance  between  the  Swerling  4  and  Rayleigh  targets  decreases  as 
the  SNR  increases.  Thus,  an  alternative  to  the  Erlang  distribution  of  the  Swerling  3 
and  4  models  for  RCS  fluctuations  is  proposed  in  this  section. 

The  new  dominant-plus-Rayleigh  target  is  a  Rician  target  with  the  fixed- 
amplitude  part  contributing  90  percent  of  the  SNR,  while  the  Rayleigh  part  con¬ 
tributes  10  percent  of  the  SNR.  The  in-phase  and  quadrature  components  of  the  sum 
signal  for  the  new  dominant-plus-Rayleigh  target  is  given  by  (3.1)  and  (3.2),  with 
ai  =  0  and  /%  =  0  for  all  i  >  1  as 


3  1 

si  =  cos  cos  Vi  +  nsi 

(3.59) 

3  .  ,  1  _  . 

sq  =  sm  9\  +  ^(jPi  sin  <pi  +  nSi 

(3.60) 

where  E\(i\\Q d\  =  2aj.  Then 

3 

sj  —  E[sj\®j),  (f>i\  —  ^ 

(3.61) 

3 

SQ  -  E[sq\Qd,<I>i]  =  sm  ^ 

(3.62) 

P11  =  VAR[s/|0£>,  <t>\]  =  VAR[sq|0d,  4>i]  =  +  erf 

(3.63) 

where  © />  denotes  the  parameter  set  {»i,  <7s}.  Using  (3.61)  through  (3.63)  for  sj,  sq , 
and  pn,  and  /%  =  0  for  all*  >  1  in  (3.21)  gives  the  PDF  of  the  observed  SNR  for  the 
new  dominant-plus-Rayleigh  target  as 

N  10  ^6\/10^o^Z)\  f  103?o  +  1  ^  ^  n  /Q 

m°'6D)=XD  +  10Jo(  «D  +  10  )expl  Sfl  +  10  J’  *^0(3.64) 
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Figure  3.5  J-Divergence  of  the  Observed  SNR  for  Fixed- Amplitude,  Swerling  3  or 
4,  and  New  Dominant-Plus- Rayleigh  Targets  from  the  Observed  SNR  for  a  Rayleigh 
Target 

where  5ft />  is  the  SNR  of  the  dominant-plus-Rayleigh  target  and  given  by 

*D  =  ^  <3-65> 
Note  that  the  PDF  of  the  observed  SNR  is  a  Rician  PDF,  where  a  constraint  has  been 

imposed  on  the  relationship  between  fixed-amplitude  parameter  and  the  Rayleigh  pa¬ 
rameter.  The  J-Divergence  distance  between  the  observed  SNR  of  the  new  dominant- 
plus-Rayleigh  target  and  a  Rayleigh  target  is  shown  in  Figure  3.5  for  various  val¬ 
ues  of  SNR.  At  an  SNR  of  7  dB  (i.e.,  5),  the  J-Divergence  distance  between  the 
dominant-plus-Rayleigh  and  Rayleigh  targets  is  about  one-half  the  distance  between 
the  fixed-amplitude  and  Rayleigh  targets.  Using  (3.61)  through  (3.63)  in  (3.22)  and 
(3.23)  gives 


E[$0\eD]  =  stD  +  i 

VAR[dt0\QD]  =  (0.1»2>+t) 


1.95ft/)  + 1 


(3.66) 

(3.67) 


Using  (3.66)  gives  the  MM  estimator  of  5ft/>  as 

1  N 

ftp  =  Yn  -  1  =  -1  +  iy  (3.68) 

t'=i 
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Then  5ftp  is  an  unbiased  estimator  with  variance  given  by 


VAR[»j}|»d]  = 


(o.mD  +  i){imD  +  i) 

N 


(3.69) 


The  CRLB  for  any  unbiased  estimator  of  5ft#  and  the  ML  estimator  of  5ftx>  can 
be  developed  in  a  manner  that  is  similar  to  that  for  the  fixed-amplitude  target  in 
Section  3.2.  However,  due  the  complexity  of  the  ML  estimator  and  the  CRLB,  neither 
are  developed  here. 


3.4  Discrimination  Between  Fixed-Amplitude,  Rayleigh,  and  Dominant- 
Plus-Rayleigh  Targets 

Since  the  estimators  of  the  amplitude  parameters  developed  in  this  chapter  and 
the  DOA  estimators  developed  in  Chapter  5  are  dependent  on  the  amplitude  distribu¬ 
tion,  discrimination  of  targets  according  to  the  amplitude  distributions  is  needed.  Fur¬ 
thermore,  the  radar  waveform  for  optimal  detection  and  parameter  estimation  varies 
with  the  target  amplitude  distribution.  For  example,  the  optimal  waveform  for  detec¬ 
tion  of  a  fixed-amplitude  target  includes  one  frequency,  while  the  optimal  waveform  for 
a  Rayleigh  target  may  include  one  or  multiple  frequencies  as  illustrated  in  Section  3.1. 
Thus,  the  waveform  requirements  for  reliable  discrimination  between  Rayleigh,  fixed- 
amplitude,  and  dominant-plus- Rayleigh  targets  are  considered  in  this  section. 

Let  the  hypotheses  for  the  discrimination  be  defined  as 

Ho  =  Rayleigh  target  with  SNR  5ft /ji 

Hi  =  fixed-amplitude  target  with  SNR  5ftfq 

H?  =  dominant-plus-Rayleigh  target  with  SNR  5ft d 

Since  discrimination  or  detection  involves  three  hypotheses,  two  Likelihood  Ratios 
(LRs)  are  required  for  ML  discrimination  [11,  p.  46].  Furthermore,  since  the  target 
amplitude  parameters  5ft#i,  5ftfq,  and  5ft  are  assumed  unknown,  two  Generalized 
Likelihood  Ratios  (GLRs)  are  required  for  GML  discrimination.  For  N  subpulses, 
the  two  GLRs  are  given  by 


'rwrsD  iN  TT  f(&ok\Hl,  &F1  =  &Fl) 

l({  ”‘}‘=l)  =  M  M*\B°,Xia  =  **i) 

(3.70) 

T(fT  ,»  ,  tt  m„k\H2,sD=xD) 

(3.71) 
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Note  that  the  conditioning  on  the  measured  amplitude  of  the  signal  associated  with 
target  detection  has  been  omitted  from  (3.70)  and  (3.71).  Thus,  the  presence  of  a 
target  is  assumed  here.  Also,  note  that  the  MM  estimate  of  3?£  is  used  for  the  ML 
estimate,  because  9?p  is  much  simpler  and  closely  approximates  the  ML  estimate. 
Using  (3.24),  (3.32),  and  (3.47)  in  (3.70)  and  taking  the  natural  logarithm  gives 

__  N  - 

Ti({3?0fc}fcLi)  =  JVln(i'jv)  —  N(Yn  +  1)  —  N^Stf  +  ^^ln  /o^2y  3?0fc3?#^  (3.72) 

k— 1 

where  is  given  by  (3.54)  or  (3.57).  Using  (3.24),  (3.32),  and  (3.64)  in  (3.71),  and 
taking  the  natural  logarithm  gives 


7M{3WLl)  =  +  Mn(iV)  -  91 V 

4-  in/ 


Rd 


+ 


9?z)  +  10' 
1 


3?/>  -f- 10 


1 


1-9?#  +  1  3?#)  -f  10- 


W  +  f^ofy31^)  (3.73) 

J  f— '  V  x  in  / 

fc=i 


y/^ok^Ds 


3 +  10 


where  3?p  is  given  by  (3.68).  Then 


the  GML  decision  rule  is  given  by 


1  Hr, 

(Ho; 


,)  >  0.  r2({fi„uti)  > 

otherwise 


(3.74) 


Note  that  the  prior  probabilities  for  the  three  hypotheses  have  been  assumed  to  be 
equal  in  the  development  of  the  decision  rule. 


Monte  Carlo  simulations  were  conducted  to  study  the  probabilities  of  error  in 
the  discrimination  for  various  values  of  N  and  SNR.  Let  the  probabilities  of  error  be 
defined  as 


Pel  =*>{#!  |#0} 

Type  I  Errors 

(3.75) 

Pe2  =  P{HQ\H1] 

Type  II  Errors 

(3.76) 

Pei=P{H2\H0} 

Type  III  Errors 

(3.77) 

Pe4=P{H0\H2} 

Type  IV  Errors 

(3.78) 

Pe5  =  P{H2 \Hi} 

Type  V  Errors 

(3.79) 

Pe6  =  P{H1\H2} 

Type  VI  Errors 

(3.80) 

where  P{Hi\Hj)  denotes  the  probability  of  event  given  that  event  Hj  is  true. 
The  results  of  the  Monte  Carlo  simulations  with  25,000  experiments  are  summarized 
in  Figures  3.6  through  3.8.  The  solid  lines  of  Figure  3.6  give  the  percents  of  Type  I 
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Figure  3.6  Percents  of  Types  I  and  III  Errors  for  Rayleigh  Target 


errors  for  N  =  4,  8,  and  12,  while  the  dash  lines  give  the  percents  of  Type  III  errors. 
The  solid  lines  of  Figure  3.7  give  the  percents  of  Type  II  errors,  while  the  dash  lines 
give  the  percents  of  Type  V  errors.  The  solid  lines  of  Figure  3.8  give  the  percents  of 
Type  IV  errors,  while  the  dash  lines  give  the  percents  of  Type  VI  errors.  Figures  3.6 
and  3.7  show  that  discrimination  between  Rayleigh  and  fixed- amplitude  targets  can 
be  achieved  rather  reliably  with  eight  or  more  subpulses.  Figures  3.6  and  3.7  show 
that  discrimination  between  the  Rayleigh  and  dominant-plus-Rayleigh  targets  can  be 
achieved  reasonably  well  with  12  or  more  subpulses,  while  Figures  3.7  and  3.8  show 
that  discrimination  between  the  fixed-amplitude  and  dominant-plus-Rayleigh  targets 
is  very  poor,  with  12  subpulses  or  less.  Thus,  from  a  discrimination  point  of  view, 
the  dominant-plus-Rayleigh  target  appears  to  be  closer  to  the  fixed-amplitude  target 
than  to  the  Rayleigh  target. 

3.5  Discrimination  Example:  Detection  of  Range  Gate  Pull  Off 

Range  Gate  Pull  Off  (RGPO)  is  a  deceptive  Electronic  Countermeasure  (ECM) 
that  targets  perform  to  cause  the  radar  to  break  its  track  on  the  target.  For  a 
radar  utilizing  aperiodic  revisit  times  and  single-pulse  dwells  (i.e.,  no  pulse  Doppler), 
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Figure  3.9  Illustration  of  RGPO 

targets  performing  RGPO  utilize  Digital  Radio  Frequency  Memory  (DRFM)  [23]  to 
store  the  radar  pulse  and  repeat  the  pulse  at  the  radar  with  a  controlled  delay,  so 
that  the  radar  receives  signals  from  the  actual  target  and  a  false  target  at  a  longer 
range  as  illustrated  by  the  dash  target  in  Figure  3.9.  The  time  delay  of  the  repeated 
pulse  is  often  controlled  so  that  the  false  target  is  separated  from  the  true  target 
with  either  linear  or  quadratic  motion,  and  the  repeated  pulse  is  typically  amplified 
to  produce  a  false  target  with  an  SNR  higher  than  the  actual  target  measurement.  If 
t  e  tracking  algorithm  uses  the  false  target  measurement  instead  of  the  actual  target 
measurement,  the  track  on  the  target  will  most  likely  be  lost  by  the  radar  [24]  If  the 
false  target  measurement  is  not  associated  with  an  existing  track  nor  recognized  as  a 
RGPO  echo,  a  new  track  is  initiated  on  the  RGPO,  and  radar  resources  are  expended 
tracking  the  false  target.  Simple  detection  of  RGPO  by  testing  for  a  second  target  at 
a  longer  range  can  be  problematic.  For  example,  the  target  echo  may  not  be  detected, 
or  t  e  second  echo  could  be  a  real  target  that  is  cooperating  with  the  first  target. 

r  °f  freqUenCy  diV6rSity  t0  discriminate  ^ween  actual  target  echoes  and 
RGPO  echoes  is  considered.  For  N  radar  subpulses  at  distinct  frequencies,  the  ampli- 

I"  p^e  target  ^  m°deled  as  Raylei§h  distributed,  while  the  amplitudes 

G  0  eCh°eS  are  m°deled  as  fixed>  since  amplitudes  of  the  repeated  sub- 
pu  ses  are  expected  to  be  fixed  across  the  frequencies.  A  GLRT  and  variance  test  are 
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proposed  for  discriminating  between  echoes  from  Rayleigh  targets  and  echoes  from 
RGPO  or  a  fixed-amplitude  target.  Results  of  Monte  Carlo  simulations  are  used  to 
study  the  performances  of  the  discrimination  algorithms. 


For  discriminating  between  echoes  from  Rayleigh  targets  and  echoes  from  RGPO 
or  fixed-amplitude  targets,  let  H0  denote  the  hypothesis  that  a  given  set  of  subpulses 
originated  with  a  Rayleigh  target,  and  Hx  denote  the  hypothesis  that  a  given  set  of 
subpulses  originated  from  an  RGPO  or  a  fixed-amplitude  target.  The  GML  detection 
using  the  GLRT  with  N  subpulses  is  given  by 


N 


i)  =  n 

k= 1 


nstok\HuslFl  =  §Fl) 

/(Rod#),**!  =  EO 


(3.81) 


Note  that  the  conditioning  on  the  measured  amplitude  of  the  signal  associated  with 
target  detection  has  been  omitted  from  (3.81).  Thus,  the  presence  of  a  target  is 
assumed  here.  Using  (3.24),  (3.32),  and  (3.47)  in  (3.81);  the  first  term  of  the  series 
expansion  of  /<,(•);  and  taking  the  natural  logarithm  gives 


T{{&ok}k =i)  =  Hyn)  ~  Yn  +  1  -  &Fi  +  jj  S ln  7° (2^) 

fc=i 


HYn) 


-  ^ln(2yr)  +  (2  V -  YN  +  1  -  &F1 

k— 1 


(3.82) 


where  &F1  is  given  by  (3.54)  or  (3.57).  Then  the  GML  decision  rule  is  given  by 


6({^ofc}fcLi)  - 1 


T({®ok}t i)  <  Ai 

nfroALi)  >  Ai 


(3.83) 


Comparing  (3.26)  with  (3.49)  suggests  that  the  discrimination  might  be  accom 
plished  more  simply  by  a  variance  test,  which  is  defined  by 


sm0k}L  i) 


Ho,  T({SPofc}f=1)  >  A2 
Hu  T({5Pofc}^=1)<A2 


(3.84) 


where 


f({uok}L  i)  = 


i 


-  &ri + 

fc=i 


(3.85) 
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where  9?fq  is  given  by  (3.54)  or  (3.57). 

The  results  of  Monte  Carlo  simulations  with  100,000  experiments  are  summa¬ 
rized  in  Figures  3.10  through  3.15,  where  the  solid  lines  correspond  to  the  GML 
discrimination  of  (3.83),  and  the  dash  lines  correspond  to  the  discrimination  with  the 
variance  test  of  (3.84).  Figures  3.10,  3.12,  and  3.14  show  the  detection  thresholds  Ai 
and  A2  versus  the  probability  of  false  detection  of  RGPO  or  a  fixed- amplitude  target, 
Pfdfa-  Figures  3.11,  3.13,  and  3.15  show  the  probability  of  detection  of  RGPO  or  a 
fixed-amplitude  target  Pdfa  versus  Pfdfa ■  Figures  3.11,  3.13,  and  3.15  show  that 
the  more  complex  GML  provides  a  Pd  FA  that  is  approximately  0.1  to  0.2  greater 
than  that  of  the  variance  test.  Figure  3.11  shows  that  eight  independent  subpulses  at 
7  dB  are  required  to  achieve  reasonable  discrimination,  while  Figures  3.13  and  3.15 
show  that  four  subpulses  at  10  or  13  dB  provide  rather  reasonable  discrimination. 

Using  GML  detection  with  four  subpulses  at  SNRs  greater  than  10  dB  provides 
reliable  discrimination  between  echoes  from  Rayleigh  targets  and  echoes  from  an 
RGPO  or  a  fixed-amplitude  target.  For  example,  four  subpulses  at  10  dB  provide  a 
probability  of  correctly  discriminating  a  target  as  a  fixed-amplitude  of  Pd  FA  —  0-58 
with  a  false  alarm  rate  of  Pfdfa  —  0-05)  while  four  subpulses  at  13  dB  provides 
a  Pdfa  =  0.82  with  Pfdfa  =  0.05.  If  more  reliable  discrimination  is  needed  or 
fewer  frequencies  are  available  for  independent  subpulses,  the  discrimination  can  be 
accomplished  over  multiple  radar  dwells  by  incorporating  the  target  amplitude  into 
the  IMM  algorithm  [10,  p.  209]  as  a  feature  by  using  (3.24)  and  (3.32)  for  a  generalized 
likelihood  for  the  Rayleigh  target,  and  (3.47)  and  (3.57)  for  RGPO  or  fixed-amplitude 
target. 


3.6  Rician  Target 

Considering  target  amplitude  estimation  for  the  Rician  target,  the  in-phase  and 
quadrature  components  of  the  sum  signal  for  a  Rician  target  is  given  by  (3.1)  and 
(3.2),  with  a,  =  0  and  fa  =  0  for  all  i  >  1.  Then 

sj  =  £[s/|0flj,  <j>i]  =  oq  cos  (f>\  (3.86) 

$Q  =  E[sQ\®Ri,<f>i]  =  «i  sin  <f>i  (3.87) 

P11  =  VAR[a/|0jK,^i]  =  VAR[«Q|0A-,fc]  =  +  0%  (3.88) 

where  0 m  denotes  the  parameter  set  {oq,  fao,  cr5}.  Using  (3.86)  through  (3.88)  for 
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PROBABILITY  OF  FALSE  DETECTION  OF  FIXED-AMPLITUDE 


Figure  3.10  Detection  Thresholds  for  =  7  dB 


PROBABILITY  OF  FALSE  DETECTION  OF  FIXED-AMPLITUDE 


Figure  3.11  ROC  Curves  for  3?^  =  =  7  dB 
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PROBABILITY  OF  FALSE  DETECTION  OF  FIXED-AMPLITUDE 


Figure  3.12  Detection  Thresholds  for  =  10  dB 


PROBABILITY  OF  FALSE  DETECTION  OF  FIXED-AMPLITUDE 

Figure  3.13  ROC  Curves  for  =  10  dB 
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si,  sq,  and  pn  in  (3.21)  gives  the  PDF  of  the  observed  SNR  for  a  Rican  target  as 

x  expf-^pj^ +  *«)},  ^0  >0  (3.89) 

which  agrees  with  that  given  in  (2.61).  Using  (3.86)  through  (3.88)  in  (3.22)  and 
(3.23)  gives 


=  $F1  +  ^i?l  +  1 

VAf?[5Ro|0^]  =  [$m  +  l]  [mF1  +  »ju  + 1 


(3.90) 

(3.91) 


MM  and  ML  estimators  for  the  parameters  of  a  Rician  distribution  were  de¬ 
veloped  in  [25],  where  the  development  of  the  ML  estimator  involved  the  use  of  a 
nondimensional  PDF  in  order  to  reduce  the  optimization  to  a  scalar  problem.  The 
nondimensional  PDF  was  created  by  normalizing  the  random  variables  by  the  sam¬ 
ple  estimate  of  the  second  moment.  The  CRLB  in  [25]  was  also  developed  with  the 
nondimensional  PDF.  However,  in  this  section,  the  parameters  of  interest,  j  and 
differ  from  the  parameters  in  a  standard  Rician  distribution.  Setting  (3.90)  and 
(3.91)  equal  to  their  corresponding  sample  moments  gives  the  MM  estimators  for  j 
and  as 

=  Yn  -  1  -  \/jprrYN  -  Vn  (3.92) 

-  /27V  —  1 

®?'  =  \J-N=TYN-Vfl  <3'93> 

where 

1  N 

y"  =  iv3TEs»t  (3-94) 

k= 1 


Monte  Carlo  simulations  with  20,000  experiments  were  conducted  to  study  the 
performances  of  the  MM  estimators  of  (3.92)  and  (3.93).  The  simulations  are  given 
in  Figures  3.16  through  3.19  versus  the  SNR  of  the  target  for  TV  =  12.  In  Figures  3.16 
and  3.17,  and  TV  =  12  and  24.  Figures  3.18  and  3.19  show  the  simulation 

results  for  =  2&j<2  and  TV  =  12  and  24.  Figures  3.16  and  3.18  show  that  the 
MM  estimators  are  essentially  unbiased  for  TV  >  12.  Figures  3.16  and  3.17  show,  for 
a  target  with  3?#!  =  5ft jsq,  that  the  estimation  error  in  is  slightly  less  than  the 
error  in  Figures  3.18  and  3.19  show  that  the  estimation  errors  in  and  ftpi 
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are  reduced  when  the  percentage  of  the  SNR  that  results  from  the  Rayleigh  part  is 
reduced. 


3.7  Two  Rician  Targets 


The  in-phase  and  quadrature  components  of  the  sum  signal  for  two  unresolved 
Rician  targets  are  given  by  (3.1)  and  (3.2),  with  a;  =  0  and  #  =  0  for  all  i  >  2.  Then 

si  =  £[s/|02jRi,  cf>i,  <f>2]  =  cti  cos<j)\  +  a2  cos  (3.95) 

sq  =  E[sQ\®2Ri,  <f>u  <j>2)  =  ai  sin (j>i  +  a2  sin <f>2  (3.96) 

VAR[s/|02jjt,^i,^23  =  VAR[sq|02^,^i,  <f>2]  =  +  /?20  +  o\  (3.97) 


where  Q2Rt  denotes  the  parameter  set  {oq,  q-2, /?10, /?20)  o^}.  Then 


«2  -i-  «2 
SI  +  SQ 


where 


_  _Ol  q2  aya2 

2(t| +  2a|+22<r|  C°S  ^ 

=  3? Fl  +  $F2  H"  cos  A<^ 

=  3?^(1  +  sin2£  cosA</i>) 


A<t>  =  <t>l  -  <j>2 


C  =  tan 

dip  =  dip  i  +  ^2 


(3.98) 

(3.99) 

(3.100) 

(3.101) 


Using  (3.97)  and  (3.98)  in  (3.21)  gives  the  PDF  of  the  observed  SNR  for  two  Rician 
targets  with  fixed  relative  phase  A(f>  as 

c/SD  l/2\  a  i\  ^  r  r.  ;  .  „ >  7~7\ 


1  +  sin2£  cos  A  <j> 


x  exp< 


+  5f/r(l  +  sin2£  cosA (j>) 

5?p  +  1 


,  di0  >  0  (3.102) 


where  9?p  =  dim  +  $R2-  Then  for  a  fixed  A <j>,  the  PDF  of  the  observed  SNR  of  two 
Rician  targets  is  equivalent  to  the  PDF  of  a  single  Rician  target.  Using  (3.97)  and 
(3.98)  in  (3.22)  and  (3.23)  gives 


E[di0\Q2Ri,  A</>]  =  3£p(l  +  sin  2£  cosA <f>)  +  3?^  +  1 


^[^o|02i?n  A<^>]  =  2 \dip(l  +  sin  2(  cosA</>)  +  dtR  +  1 


(3.103) 


-  |9?f(1  +  sin  2(  cosAfli)  (3.104) 

V AR[^o|02iji,  A(f>]  =  dip,  +  lj  [23?f(l  +  sin  2£  cosA <f>)  +  +  1  (3.105) 
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Figure  3.16  Sample  Average  of  the  Errors  in  the  MM  Estimates  for  —  ^Ri 


Figure  3.17  Sample  Standard  Deviation  of  the  Errors  in  the  MM  Estimates  for 
$Fi  =  Rsi 
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3.18  Sample  Average  of  the  Errors  in  the  MM  Estimates  for  $fi  =  2-&R1 


Figure  3.19  Sample  Standard  Deviation  of  the  Errors  in  the  MM  Estimates  for 
$Fi  =  23?^ 
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When  the  relative  phase  of  two  Rician  targets  A (f>  is  constant,  only  the  composite 
quantities  of  9R^(1  +  sin  2(  cos  A  4>)  and  Ur  can  be  estimated,  and  the  estimation 
problem  is  equivalent  to  that  of  a  single  Rician  target  as  treated  in  Section  3.6.  If  A cf> 
is  uniformly  distributed  between  pulses,  the  PDF  of  the  observed  SNR  of  two  Ricians 
is  not  available  in  a  simple  form  for  an  arbitrary  &2Ri-  K  A<^»  is  treated  as  a  random 
variable  uniformly  distributed  on  (— 7r,7r],  then  the  PDF  of  9ft0  is  given  by 


f{Uo\®2Ri)~  ^  +  1exP{  ^+1  }[7o(  Ur  +  1  j/0(  Rjz  +  1  )Io[ 


m— 1 


f2y/U0Upi\  T 

l'2y/U0Up2\  T  i 

sUp  sin2£^ 

V  »fi  +  l  )  m 

V  UR  + 1  )Im[ 

^  Ur  +  1  / 

Ur  sin2£\ 
Ur  +  1  ) 

(3.106) 


where  9£0  >  0,  and  Im(-)  denotes  the  m-order  modified  Bessel  function  of  the  first 
kind.  This  PDF  of  9ff0  is  the  result  of  using  [13,  8.531.1]  to  express  the  Bessel  function 
of  (3.102)  as  an  infinite  series  of  Bessel  functions  and  evaluating  the  integral  of  each 
term  with  respect  to  A<f>. 


Simplification  of  the  PDF  in  (3.106)  was  considered,  but  none  could  be  found  at 
this  time.  However,  the  moments  of  9ft0  can  be  obtained  by  taking  the  expected  value 
of  (3.103)  and  (3.104)  with  respect  to  A </>,  which  gives 


E[3Jo|02iJi]  =  Up  +  Ur  +  1 

=  9£jr^l  +  0.5  sin22^j  +  2(Ur  +  l)(29?Jp  +  Ur  +  1) 
=  9?^  +  +  2(3?#  +  l)(29ftp  +  +  1) 

V AR[9?o|02iji]  =  sin2^C  *b  "b  1^  +  Ur  +  1 

=  29ftjri9?/’2  +  (Ur  +  1^  |^2 Up  +  Ur  +  1 


(3.107) 

(3.108) 

(3.109) 


Since  -F[5J0|®2.Ri]  is  independent  of  the  (  (i.e.,  the  ratio  of  the  values  associated 
with  the  fixed-amplitude  parts  of  the  two  targets),  and  the  variance  given  in  (3.109) 
is  maximized  when,  Up\  =  9^2  (i.e.,  C  =  1),  the  probability  of  detection  for  the 
signal  echoed  from  the  two  targets  for  a  given  false-alarm  rate  will  be  minimized 
when  9£fi  =  Up2-  This  assertion  agrees  with  the  conclusions  drawn  in  [17].  However, 
Figure  2  of  [17]  is  in  error  in  that  the  PDF  for  r  =  oo  has  a  singularity  that  does  not 
allow  the  integral  of  the  PDF  to  equal  one.  Thus,  for  various  values  of  Up,  (,  and 
(3.102)  was  integrated  numerically  with  respect  to  A <f>  form  —it  to  tt  to  produce 
f(U0\®2Ri)-  These  PDFs  of  9ft0  are  shown  in  Figures  3.20  and  3.21.  Figure  3.20 
corresponds  to  two  fixed-amplitude  targets  (i.e.,  Ur  =  0),  with  Up  =  16  dB,  and 
UFlUjl  =  1,4, 16,  and  oo.  For  the  case  of  Up i9^2  =  1»  the  PDF  achieves  a  maximum 
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of  0.1  at  3i0  =  0.  Thus,  Figure  3.20  indicates  that  for  two  fixed-amplitude  targets  with 
equal  amplitudes,  the  most  likely  value  of  T0  is  0.  Figure  3.21  corresponds  to  two 
Rician  targets  with  $lF  +  $R  -  16  dB,  =  0.13^,  and  =  1,4,16,  and 

oo.  Figure  3.21  shows  that  the  presence  of  the  Rayleigh  component  of  the  target 
amplitude  results  in  unimodal  PDFs,  while  the  PDFs  of  Figure  3.20  are  bimodal. 
However,  when  the  fixed-amplitude  parts  of  the  two  targets  are  equal,  Figure  3.21 
also  indicates  that  the  most  likely  value  of  3J0  is  0. 

The  PDFs  presented  in  Figure  3.20  disagree  with  those  presented  in  Figures  2  and 
3  of  [17]  in  that  the  maximum  of  PDFs  in  [17]  occur  at  >  $F,  while  in  Figure  3.20 
the  maximums  occur  at  The  PDFs  in  Figure  3.20  were  confirmed  via  Monte 

Carlo  simulations.  The  observed  SNRs  were  generated  using  (3.1)  and  (3.2),  and  the 
histograms  of  the  observed  SNRs  closely  agreed  with  the  PDFs  of  Figure  3.20. 

3.8  Two  Fixed- Amplitude  Targets 

The  in-phase  and  quadrature  components  of  the  sum  signal  for  two  unresolved 
fixed-amplitude  targets  is  given  by  (3.1)  and  (3.2),  with  a;  =  0  for  i  >  2,  and  /%  =  0 
for  i  >  0.  Then 

SJ  =  <f>\,(j>2}  =  Oq  cos^!  +  a2  COS(f>2 

sq  =  7?[sq|0jt,  <f>i,<f>2]  =  sin<^i  +  a2  sin <f>2 

VAR[s/|0jr,  <f>i,  <f>2]  =  VAR[sq|0.f,  fa,  4>2]  —  cr| 

where  <dF  denotes  the  parameter  set  {oq,  <*2, <75}.  Then 

Sj  +  Sq 

-  2  ~  =  0-  +  sin2C  cosA^>) 

s 

where 

A(f>  =  (j>1-  <f>2  (3.114) 

C  =  tan"1  (y/stn&jty  (3.115) 

$lF  =  $lFi  +  $lF2  (3.116) 

Using  (3.112)  and  (3.113)  in  (3.21)  gives  the  PDF  of  the  observed  SNR  for  two 

fixed-amplitude  targets  with  fixed  relative  phase  A <j)  as 

mo\eF,A<j>)  =  /0(2v/^hT  +  sin  2£  cosA xf>fj 

x  exp|  -  (#l0  +  3Jjr(l  +  sin  2(  cosA <f>)j  j,  3£0  >  0  (3.117) 


(3.110) 

(3.111) 

(3.112) 

(3.113) 
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Figure  3.20  PDFs  of  the  5R0  for  Two  Fixed-Amplitude  Targets  with  A <f>  Random, 
—  13  dB  and  1)2,4,16,  and  oo 


Figure  3.21  PDFs  of  3i0  for  Two  Rician  Targets  with  A <f>  Random,  —  16  dB, 

9?#  =  0.15Pjr,  and  1)2,4,16,  and  oo 
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Thus,  if  the  relative  phase  A <f>  between  the  two  targets  is  fixed,  3ft0  is  distributed  the 
same  as  a  single  fixed-amplitude  target  that  is  treated  in  Section  3.2.  Using  (3.112) 
and  (3.113)  in  (3.22)  and  (3.23)  gives 


■E[3Jo|0jF,  A(j>]  =  3ftjr(l  +  sin  2£  cosA<^>)  +  1 
A (j)]  =  2^jr(l  +  sin2£  cosA <j>)  +  1 
VAR[ft0 \eF,A<j,}=  [25Rf(1  +  sin  2 (  cosA<?i>)  +  1 


+  sin2(  cos  A  <f>) 


(3.118) 

2(3.119) 

(3.120) 


If  the  relative  phase  is  random,  the  measured  amplitude  is  not  Rician.  If  A <f>  is 
treated  as  a  random  variable  uniformly  distributed  on  (— 7r,7r],  then 


j£[3?0|Of]  =  +  1 

£[^|0f,]  =  ^(i  +  o.5  sin22()  +2(2^  +  l) 
=  +  2(29?^  +  1) 
V^i2[»o|0j.]  =  ^  sin22 (  +  [23ftF  +  l' 

23ft 3ft j?2  4-  j23?_p  -f  1 


(3.121) 

(3.122) 

(3.123) 


When  the  relative  phase  A(f>  of  two  fixed-amplitude  targets  is  constant,  only  the 
composite  quantity  of  Sftf^l  +  sin  2£  cos  A  $)  can  be  estimated,  and  the  estimation 
problem  is  equivalent  to  that  of  a  single  fixed-amplitude  target,  as  treated  in  Sec¬ 
tion  3.2.  However,  if  the  relative  phase  is  random,  MM  techniques  can  be  used  to 
develop  estimators  of  9ft  fi  and  3ft^2  from  (3.121)  and  (3.123).  Setting  (3.121)  and 
(3.123)  equal  to  their  corresponding  sample  moments  gives  the  MM  estimators  for 
3ft pi  and  3ft P2  as 

~  1  /  «s  AT _ 1  q  o 

Rfl  =  j(Vjv  -  1)  +  y 4(1 vTT)^  +  -  J  -  V*  (3.124) 

*«  =  \(Y„  -  1)  -  +  (3.125) 

where 

1  N 

^  =  )V3TES»*  (3-126) 

k= 1 

Note  these  MM  estimators  have  been  developed  by  assigning  3ft /q  to  the  stronger 
target  and  3ft j?2  to  the  weaker  target. 
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Monte  Carlo  simulations  with  10,000  experiments  were  conducted  to  study  the 
performances  of  the  MM  estimators  of  (3.124)  and  (3.125).  The  simulation  results 
are  given  in  Figures  3.22  through  3.25  versus  the  SNR  of  target  1  for  N  =  12  and  24. 
In  Figures  3.22  and  3.23,  and  N  =  12  and  24.  The  large  biases  in  the 

estimates,  as  shown  by  Figure  3.22,  are  the  result  of  assigning  the  larger  estimate  to 

and  the  smaller  estimate  to  &F2-  Figure  3.23  shows  that  the  standard  deviations 
of  the  estimates  are  rather  large  compared  to  the  size  of  the  parameters.  Figures  3.24 
and  3.25  show  the  simulation  results  for  2  and  $Fi  —  23J.F2  with  N  =  12. 

Figures  3.24  and  3.25  show  that  the  biases  in  the  estimates  and  the  sample  standard 
deviations  of  the  estimation  errors  are  reduced  significantly  when  the  SNR  of  one  of 
the  two  targets  is  larger  than  that  of  other  target.  The  reduction  in  the  biases  of  the 
estimates  can  be  attributed  to  the  better  assignment  of  estimates  to  targets  that  is 
implicit  in  (3.124)  and  (3.125).  However,  the  reductions  in  the  estimation  error  are 
consistent  with  the  PDFs  of  the  observed  SNRs  for  two,  fixed-amplitude  targets,  as 
shown  in  Figure  3.20. 

3.9  Fixed-Amplitude  Target  in  the  Presence  of  Multipath 

The  signal  received  from  a  low  elevation  target  in  the  presence  of  sea-surface- 
induced  multipath  includes  four  components  [20,  21].  The  first  part  travels  directly 
to  the  target  and  returns  directly  to  the  radar,  while  the  second  part  travels  to  the 
target  via  the  sea  surface  and  returns  directly  to  the  radar.  The  third  part  travels 
directly  to  the  target  and  returns  to  the  radar  via  the  sea  surface,  while  the  fourth 
part  travels  to  the  target  via  the  sea  surface  and  returns  to  the  radar  via  the  sea 
surface.  The  in-phase  and  quadrature  components  of  the  sum  signals  for  a  fixed- 
amplitude  target  in  the  presence  of  sea-surface-induced  multipath  are  given  by  (3.1) 
and  (3.2),  with 


OL\  =  Of 

(3.127) 

«2  =  gps&t 

(3.128) 

<*3  =  gpsat 

(3.129) 

«4  =  ( gps)2<*t 

(3.130) 

to 

11 

T— 1 

(3.131) 

<l>2  =  <f>3  —  4>t  + 

(3.132) 

<t>±  —  fa  T  2A  (j> 

(3.133) 

A  =  0 

(3.134) 
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10  15  20  25  30  35  40  45  50 

SIGNAL— TO— NOISE  RATIO  (SNR)  OF  TARGET  1 


Figure  3.22  Sample  Average  of  the  Errors  in  the  MM  Estimates  of  and 
for 


Figure  3.23  Sample  Standard  Deviation  of  the  Errors  in  the  MM  Estimates  of  SRpj 
and  3?F2  for 
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SIGNAL— TO— NOISE  RATIO  (SNR)  FOR  TARGET  1 

Figure  3.24  Sample  Average  of  the  Errors  in  the  MM  Estimates  of  and 
for  TV  =  12 


Figure  3.25  Sample  Standard  Deviation  of  the  Errors  in  the  MM  Estimates  of 
and  8?F2  for  TV  =  12 
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02  =  03  =  £/><*<**  (3.135) 

04  =  ta)%  (3.136) 

^2  =  ^3  =  +  <t>d  +  A</>  (3.137) 

<P4  =  <f>t  +  2<f>d  +  2A<f>  (3.138) 


where  at  is  the  voltage  amplitude  of  the  target,  and  the  remaining  variables  are 
defined  in  Section  2.6.  The  in-phase  and  quadrature  portions  of  the  sum  signals  can 
be  rewritten  as 

-s/  =  cttc  cos  fa  -  ats  sm(j)t  +  otjc  cos  (</>t  +  A</>)  -  ajs  sin  (</>t  +  A  <f>) 

2  atgpd  cos  (<f>t  +  <j)d  +  A  cf>)  +  at(gpd)2  cos  (</><  4-  2<f>d  +  2A<f>)  +  nsi  (3.139) 
SQ  -  ate  sin  4>t  +  ats  cos  fa  +  ajc  sin  (<f>t  +  A  <j>)  +  ajs  cos  {<j>t  +  Afi) 

+  2 octgpd  sin (<j>t  +  <j>d  +  A <j>)  +  at(gpd)2  sin {<j>t  +  2 fa  +  2A^>)  +  ngq  (3.140) 

where 

&tc  =  at(  1  +  gps  cosA <f>)  (3.141) 

&ts  =  octgps  sinA <f>  (3.142) 

alC  =  atgpsi  1  +  9PS  cosA <f>)  =  gpsatc  (3.143) 

(^is  =  oit(gps )2  sinA<^»  =  gpsocts  (3.144) 

Let  Qmp  denote  the  parameter  set  {<*<,  ps,  pdo,  <rs,  <?d},  and  $MP  denote  the 
parameter  set  {<j)t,  A<f>}.  Then 

$1  =  OLiC  cos <j>t  -  atS  sin <f>t  +  aIC  cos (<f>t  +  A <f>)  -  aIS  sin (<f>t  +  A <j>)  (3.145) 
sq  =  Oitc  sin <f>t  +  ats  cos <f>t  +  aIC  sin {<f>t  +  A <j>)  +  aIS  cos (<f>t  +  A <f>)  (3.146) 

and 

Pii  =  4:0%  p  dog2  [1  +  pd0g2]  +  a2s  (3.147) 

While  pd  is  Rayleigh  distributed,  <f>d  is  uniformly  distributed  on  ( — 7r,  7t]  ,  and  the 
receiver  errors  are  Gaussian,  the  sum  signal  of  (3.145)  and  (3.146)  is  not  a  Gaussian 
signal  because  p2d  is  exponentially  distributed  rather  than  Rayleigh.  However,  since 
typically  pd  <  0.5  and  g  <  1,  the  effects  of  (pdg)2  should  be  small  compared  to  that 
of  pdg.  Thus,  the  sum  signal  will  be  approximated  as  Gaussian  for  the  development 
of  the  PDFs  of  the  measured  amplitude  of  the  sum  signal  and  the  observed  SNR. 
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Approximating  the  sum  signal  of  (3.139)  and  (3.140)  as  Gaussian  and  using 
(3.145)  through  (3.147)  in  (3.20)  of  Theorem  3.1  gives  the  PDF  of  the  measured 
amplitude  of  the  sum  signal  for  low-elevation  targets  as 

A  .  /Aa* 


f{h\@MPi$MP)  =  — /o( — "(id-2 PS9  cosA (j)  +  Ps92)) 
Pn  Vpn  J 


x  exp 


1 


■(A"1  +  <*<(  1  +  2 psg  cosA <f>  +  p\g 2)2)  (3.148) 


2pi: 


where  pn  is  given  by  (3.150).  Using  (3.145)  through  (3.147)  in  (3.21)  of  Theorem  3.1 
gives  the  PDF  of  the  observed  SNR  for  low-elevation  targets  as 

'2yffi0jftjr(l  +  2  psg  cosA  (j)  +  p2sg2)' 


f($o\®MP,$MP)  =  —  Io 

Pn 


!) 


x  exp 


&Pdo92[l  +  p^0g2]^F  +  1 
3?o  +  9M 1  +  2 psg  cosA <j>  +  p2sg2)2 


%Pdo92[l  + P2d092WF  +  l 


where 


$F  = 


2<t2s 


(3.149) 


(3.150) 


Using  (3.145)  through  (3.148)  in  (3.22)  and  (3.23)  gives 

E[?R0\Qmp,  $Mp]  =  [(1  +  2 Psg  cosA (j)  +  p2sg 2)2  +  %p2dQg2(l  +  pdog2)WF  +  1 

(3.151) 

VAR[9?2|0jj/p,$ji/p]  =  j^8p^0p2(l  +  Pdog2)^F  +  1 

x  |j2(l  +  2 psg  cosA <j>  +  Ps92)2  +  8p^0p2(l  +  p^o#2)]^  +  1 

(3.152) 


Given  p,  p5,  and  pd  o,  MM  estimators  of  dtp  and  cosA  (j)  can  be  developed.  Setting 
(3.151)  and  (3.152)  equal  to  the  corresponding  sample  moments  gives  MM  estimates 
of  Up  and  cosA  <f>  as 


= _ i _ y> 

1qP%92(1  +  Pdo92)  %P2do92(l  + Pdo92n  N~l  N 


VN  (3.153) 


c=_I+zk!+  i 


IYn-  1 
2 PSP  '  2p5pV  &F 


-8Pd0^2(1+/,io52) 


2  /12'i 


(3.154) 


where  Vp;  is  given  by  (3.126),  and  c  denotes  the  MM  estimate  of  cosA <j>. 


Monte  Carlo  simulations  with  10,000  experiments  were  conducted  to  study  the 
performances  of  the  MM  estimators  of  (3.153)  and  (3.154).  The  results  of  the  simula¬ 
tions  are  given  in  Figures  3.26  through  3.29  versus  the  SNR  of  the  target  for  N  =  20 
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and  40,  and  p^g1  =  0.7.  Figure  3.26  shows  the  sample  averages  of  the  errors  in  Jfj'i 
for  p2^g2  =  0.1  and  0.01,  while  Figure  3.28  shows  the  sample  standard  deviations 
of  the  errors.  Figure  3.26  shows  that  the  average  errors  in  Rfl  are  more  sensitive 
to  the  change  in  the  diffuse  parameter  than  the  change  in  the  number  of  samples, 
while  Figure  3.28  shows  that  the  sample  deviations  of  the  errors  are  more  sensitive 
to  the  change  in  the  number  of  samples  than  the  change  in  the  diffuse  parameter. 
Figure  3.27  shows  the  sample  averages  of  the  errors  in  c,  while  Figure  3.29  shows 
the  sample  standard  deviations  of  the  errors.  Figures  3.27  and  3.29  show  that  the 
performance  of  c  is  rather  sensitive  to  the  parameters  of  the  diffuse  refection,  p^0g2. 
If  the  diffuse  reflections  are  sufficiently  weak  ( e.g p\Qg2  <  0.05)  relative  to  the  spec¬ 
ular  reflections,  c  will  not  give  acceptable  estimates  of  cosA (j).  Additional  simulation 
studies  also  showed  that  c  gives  unacceptable  estimates  of  cos  A  (j)  if  the  specular  re¬ 
flections  are  rather  weak  (e.g.,  p\g2  <  0.6).  Therefore,  since  the  MM  estimators  of 
(3.153)  and  (3.154)  were  found  to  require  about  40  pulses  (i.e.,  independent  samples) 
to  achieve  acceptable  performances  for  a  very  restricted  set  of  reflection  parameters, 
the  MM  estimators  are  not  recommended  for  the  simultaneous  estimation  of  the  Rfi 
and  cosA <j>  in  real-time  tracking  applications.  However,  ML  estimators  may  provide 
better  estimates  of  the  parameters. 


I 
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SAMPLE  AVERAGE  OF  ERRORS 


Figure  3.27  Sample  Average  of  the  Errors  in  the  MM  Estimates  of  cosA <f>  for  Acf> 
90°,  p\g2  =  0.7,  and  p\Qg2  =  0.1  and  0.01 
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Chapter  4 

PROBABILITY  DISTRIBUTION  OF 
COMPLEX  MONOPULSE  RATIO 

The  probability  distribution  of  the  in-phase  part  (i.e.,  real  part)of  the  complex 
monopulse  ratio  has  been  studied  rather  extensively  since  1960,  while  the  probabil¬ 
ity  distribution  of  the  quadrature  part  (i.e.,  imaginary  part)  of  the  monopulse  ratio 
has  been  considered  in  only  a  couple  of  studies.  However,  as  noted  by  Sherman  in 
[1,4]  and  discussed  in  Chapter  1,  the  quadrature  part  of  the  monopulse  ratio  includes 
additional  information  when  the  measurements  include  unresolved  targets.  The  prob¬ 
ability  distribution  of  the  in-phase  and  quadrature  parts  of  the  monopulse  ratio  for 
M  unresolved  Rician  targets  is  considered  in  this  chapter.  The  PDF  of  the  complex 
monopulse  ratio  is  conditioned  on  the  measured  amplitude  of  the  sum  signal,  and 
the  conditional  PDF  is  used  to  develop  the  first-  and  second-order  statistics  of  the 
in-phase  and  quadrature  monopulse  ratios.  Since  the  measured  amplitude  of  the  sum 
signal  provides  no  information  concerning  the  DOA  of  a  target  of  unknown  amplitude, 
the  PDF  of  the  monopulse  ratios  can  be  conditioned  on  the  measured  amplitude  of 
the  sum  signal  without  any  loss  of  information  concerning  the  target  DOA.  However, 
conditioning  the  PDF  on  the  measured  amplitude  gives  the  in-phase  and  quadrature 
monopulse  ratios  as  Gaussian  or  approximately  Gaussian  random  variables  with  first- 
and  second-order  statistics  that  are  a  function  of  the  measured  amplitude.  Thus,  the 
statistics  of  the  monopulse  ratios  can  be  computed  for  each  pulse. 

After  a  survey  of  the  literature  concerned  with  probability  distribution  of  the 
monopulse  ratios,  monopulse  measurements  of  M  unresolved  Rician  targets  will  be 
formulated,  and  the  amplitude-conditioned  PDF  and  statistics  of  the  monopulse  ratios 
will  be  presented  in  Theorem  4.1.  In  the  remainder  of  this  chapter,  Theorem  4.1 
will  be  used  to  develop  the  amplitude-conditioned  PDF  and  statistics  of  the  various 
special  cases.  In  Section  4.1,  a  single  Rayleigh  target  is  considered  for  a  monopulse 
system  with  real  correlation  in  the  receiver  errors  on  the  sum  and  difference  channels. 
The  case  of  two  unresolved  Rayleigh  targets  is  considered  in  Section  4.2,  while  a 
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single  fixed-amplitude  target  is  considered  in  Section  4.3.  Unresolved  measurements 
of  a  fixed-amplitude  target  and  Rayleigh  target  are  considered  in  Section  4.4,  and 
a  single  Rician  target  is  considered  in  Section  4.5.  Two  unresolved  targets  with 
fixed-amplitudes  are  considered  in  Section  4.6,  while  a  fixed-amplitude  target  in  the 
presence  of  sea-surface-induced  multipath  is  considered  in  Section  4.7. 

Survey  of  the  Literature 

One  of  the  first  articles  that  considered  the  probability  distribution  of  monopulse 
measurements  was  conducted  in  1960  by  Manasse  [26].  Manasse  considered  the  effects 
of  thermal  noise  on  the  accuracy  of  an  ACM  system  tracking  a  radio  star  with  a  priori 
known  power,  where  the  star  is  maintained  near  the  antenna  boresight.  However,  the 
results  of  Manasse  are  not  applicable  in  typical  radar  tracking  problems  because 
the  amplitude  of  the  target  is  unknown.  In  1962,  Sharenson  [27]  considered  the 
accuracy  of  an  off-axis,  single-return  measurement  for  a  monopulse  radar.  In  his 
investigations,  the  monopulse  system  used  the  sum  signal  as  a  reference  to  detect 
the  phase  (i.e.,  positive  or  negative)  and  estimate  the  corresponding  amplitude  of 
the  difference  signal,  and  the  monopulse  ratio  was  written  as  the  ratio  of  two  real 
Gaussian  variables.  Sharenson  linearized  the  ratio  about  the  sum-signal  amplitude 
and  indicated,  under  the  assumption  of  SNR  exceeding  12  dB,  that  the  variance  of 
the  monopulse  ratio  of  the  two  real  numbers  is  inversely  proposal  to  the  SNR  and 
increases  as  the  off-axis  angle  increases.  The  results  derived  by  Sharenson  for  the 
variance  of  this  monopulse  ratio  of  two  real  numbers  are  often  reported  in  textbooks 
and  courses  for  the  variance  of  the  in-phase  part  of  the  monopulse  ratio.  His  results  are 
particularly  important  in  electronically  steered  radars  that  both  search  for  new  targets 
and  maintain  tracks  on  multiple  targets  because  targets  are  detected  at  various  off- 
axis  angles.  However,  the  variance  of  the  monopulse  ratio  as  developed  by  Sharenson 
is  only  approximately  correct  at  high  SNRs,  and  he  concluded  that  the  monopulse 
ratio  is  an  unbiased  estimate  of  the  target  DOA,  which  is  known  from  later  work  to 
be  inaccurate. 

From  1977  through  1981,  Kanter  [28-32]  developed  the  PDF  and  statistics  of  the 
in-phase  monopulse  ratio  for  various  cases  of  unresolved  targets.  In  [28],  he  derived 
the  PDF  of  the  monopulse  ratio  formed  with  N  independent  samples  of  the  sum 
and  difference  signals,  where  each  sample  received  a  weight  proportional  to  the  sum- 
signal  amplitude  squared.  Ranter’s  formulation  included  any  combination  of  fixed- 
amplitude  and  Rayleigh  targets.  Since  the  PDF  that  Kanter  developed  represented  an 
“average”  distribution  of  the  monopulse  ratio  over  all  possible  sum-signal  amplitudes, 
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he  found  the  monopulse  ratio  to  be  a  biased  observation  of  the  DO  A  for  a  fixed- 
amplitude  target  as  given  by  (2.51)  and  to  have  an  infinite  variance  when  only  a 
single  observation  is  considered.  Kanter  showed  in  [29]  for  N  independent  samples 
of  the  monopulse  ratio  for  Rayleigh  targets  that  the  central  moments  less  than  or 
equal  to  2 N  —  1  are  finite.  Thus,  a  monopulse  ratio  formed  with  two  independent 
samples  has  a  finite  variance.  Kanter  also  showed  in  [29]  for  Rayleigh  targets  that 
the  bias  in  the  monopulse  ratio  as  an  observation  of  the  target  DOA  is  independent 
of  the  number  of  samples  N.  In  [30],  Kanter  derived  the  mean  and  first  absolute 
central  moment  of  the  monopulse  ratio  without  explicitly  deriving  the  PDF  of  the 
monopulse  ratio.  He  also  showed  that  the  single-pulse  monopulse  ratio  has  a  finite 
variance  if  and  only  if  the  correlation  coefficient  of  the  sum  and  difference  channels 
is  ±1.  In  [31],  Kanter  derived  the  PDF  of  the  in-phase  monopulse  ratio  for  a  fixed- 
amplitude  target  in  the  presence  of  a  jammer  (i.e.,  a  Rayleigh  target)  and  numerically 
calculated  the  mean  of  the  monopulse  ratio  for  various  signal-to-jamming  ratios.  In 
[32],  Kanter  developed  the  average  monopulse  response  to  two  jammers  or  Rayleigh 
targets,  two  fixed-amplitude  targets,  and  a  fixed-amplitude  target  in  the  presence  of 
a  jammer.  While  Kanter  has  made  numerous  contributions  to  our  understanding  of 
the  probability  distribution  of  the  in-phase  monopulse  ratio,  his  contributions  were  to 
“average”  distribution  of  the  monopulse  ratio  over  all  possible  measured  amplitudes 
of  the  sum  signal.  Thus,  his  results  are  applicable  only  to  cases  where  the  statistics 
of  measured  amplitude  of  the  sum  signal  is  ignored. 

In  1981,  Asseo  [33]  developed  the  PDF  of  the  quadrature  part  of  the  monopulse 
ratio  for  one  and  two  targets  with  either  fixed  or  Rayleigh  amplitudes.  However, 
the  PDFs  that  Asseo  developed  also  represented  the  “average”  distribution  of  the 
quadrature  part  of  the  monopulse  ratio  over  all  possible  measured  amplitudes  of  the 
sum  signal.  In  1991,  Tullsson  [34]  considered  the  PDF  for  monopulse  measurements 
of  multiple  unresolved  Rayleigh  targets  and  showed  that  conditioning  the  PDF  on  the 
measured  amplitude  of  the  sum  signal  gives  the  in-phase  and  quadrature  monopulse 
ratios  as  Gaussian  random  variables,  with  the  quadrature  part  having  a  mean  of 
zero.  Tullsson  stated  correctly  without  proof  that  the  in-phase  and  quadrature  parts 
of  the  monopulse  ratio  are  independent.  Tullsson  also  considered  in  [34]  the  effects 
of  applying  a  threshold  test  to  the  sum-signal  amplitude  prior  to  computing  the 
monopulse  ratio.  He  showed  for  Rayleigh  targets  that  the  mean  of  the  monopulse 
ratio  is  unaffected  by  thresholding,  while  the  variance  is  inversely  proportional  to  the 
SNR  threshold. 

In  [35],  Seifer  noted  the  fact  that  every  monopulse  measurement  that  is  considered 
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for  processing  has  a  sum-signal  amplitude  that  exceeds  a  positive  threshold.  He 
showed  that  the  variance  of  a  monopulse  ratio  formed  with  a  single  pulse  of  the  sum 
and  difference  signals  is  then  finite  when  the  thresholding  of  the  amplitude  of  the  sum 
signal  is  considered.  Seifer  also  showed  that  amplitude  thresholding  of  the  sum  signal 
increases  the  bias  in  the  monopulse  observations  of  the  target  DOA.  Thus,  the  bias  in 
the  monopulse  ratio  as  developed  by  Kanter  and  given  by  (2.51)  is  significantly  less 
than  the  bias  that  will  be  seen  in  a  system  with  a  reasonable  amplitude  threshold.  In 
[36]  Seifer  extended  the  results  of  [35]  to  targets  that  are  olfset  from  the  null  of  the 
monopulse  ratio.  The  focus  of  [35,36]  is  the  average  distribution  of  the  monopulse 
ratio  given  that  the  measured  amplitude  of  the  sum  signal  exceeds  a  threshold.  While 
Seifer’s  results  are  appropriate  for  the  analysis  and  design  of  servo  systems  with  filter 
designs  based  on  stationary  statistics,  further  analysis  is  needed  to  support  filtering 
for  nonstationary  processes  and  decisions  for  control  of  modern  sensor  systems. 

Groves,  Blair,  and  Chow  [37]  developed  the  joint  PDF  of  the  in-phase  and  quadra¬ 
ture  parts  of  the  monopulse  ratio  for  arbitrarily-correlated  Gaussian  errors  and  non¬ 
zero  means  in  the  sum  and  difference  signals.  The  general  result  was  used  to  consider 
the  effects  of  amplitude  thresholding  of  the  sum  signal  for  the  special  case  of  real 
correlation  between  the  receiver  errors  in  the  sum  and  difference  channels.  However, 
the  general  result  for  the  PDF  represented  the  “average”  distribution  of  the  complex 
monopulse  ratio  over  all  possible  measured  amplitudes  of  the  sum  signal.  In  contrast 
to  this  average  distribution,  this  chapter  presents  the  amplitude-conditioned  PDF 
and  statistics  for  the  in-phase  and  quadrature  parts  of  the  monopulse  ratio. 

Formulation  of  the  Problem  and  General  Result 

In  a  typical  monopulse  radar  system,  the  outputs  of  the  receivers  are  match 
filtered,  and  the  in-phase  and  quadrature  portions  of  the  sum  and  difference  signals 
for  the  merged  measurements  from  M  Rician  targets  can  be  expressed  as 

M 

SI  =  (a*  cos  P*  +  A  cos  Vi +  nsi  (4.1) 

2  —  1 
M 

=  (ai  sin  4>i  +  Pi  sin  ifii)  +  nSQ  (4.2) 

i=i  V 
M 

d]  =  ^2  cos  Pi  +  PiVi  cos  Vi)  +  ndl  (4.3) 

i= l  V 
M 

dq  =  ^2  (aim  sin  Pi  +  PiVi  sin  Vi)  +  ndQ  (4.4) 
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a;  =  amplitude  from  the  fixed-amplitude  part  of  target  i 
Pi  =  amplitude  from  the  Rayleigh  part  of  target  i 
(f>i  =  phase  of  the  fixed- amplitude  part  of  target  i 
(fi  =  phase  of  the  Rayleigh  part  of  target  i 
t]i  =  DOA  parameter  of  target  i 
nSl  ~  AT(0,<t|) 
nSQ  ~  iV(0,<r|) 

™dl  ~  N(0 ,aj) 

ndQ  ~  N(0,a2d) 

with  N(x,a 2)  denoting  a  Gaussian  distribution  with  mean  x  and  variance  a2.  Also, 
with  jB[*]  denoting  expected  value, 


E[nsinsq }  =  0 

(4.5) 

E[nd.Indq]  =  0 

(4.6) 

E[nsiridi ]  =  pasod 

(4.7) 

E[nsQndq ]  =  paS(7d 

(4.8) 

where  p  ^  0  represents  a  monopulse  system  with  real  correlation  between  the  re¬ 
ceiver  errors  in  sum  and  difference  channels.  The  phases,  <#,  are  independent  and 
uniformly  distributed  on  (— 7r,x].  The  Rayleigh  parts  of  the  target  amplitudes  are 
also  independent. 

Since  Pi  are  Rayleigh  distributed,  and  the  <£>,■  are  uniformly  distributed  on  (— 7r,  x], 
sj,  sq,  dj,  and  dq  are  jointly  Gaussian,  independent  random  variables  when  the  a, 
and  0,  are  given.  Let 


M 

sj  =  £[s/|\&,$]  =  cos  fa  (4.9) 

»'= l 
M 

SQ  =  £[sq|$,  $]  =  ai  sin  (4-10) 

i=l 

M 

di  -  £[d/|$,  $]  =  aiVi  cos  <t>i  (4.11) 

*=l 

M 

dq  =  E[dQ\^^]  =  ^2 airji  sin  p,  (4.12) 

*=1 
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where  $  is  the  parameter  set  {04,  /?io,  J/i, . . . ,  olm , /?mo>  PM ?  0'S,  $  is  the  param¬ 

eter  set  . . . ,  4>m}i  and  /?,q  denotes  the  Rayleigh  parameter  of  target  i.  Let 

M 

Pu  =  VAR[s7|*,4]  =  VAR[Sq|4,4]  =  £/&  +  4  (4.13) 

i=l 

M 

P22  =  VARM/I®,  4]  =  VAR[<iQ|4,  4]  =  £  nlf)l  +  4  (4.14) 

i=l 

M 

Pn  =  COV[s/,d/|'P,$]  =  C0V[5Q,dQ|$,$]  =  ^  ViPio  +  pvs&d  (4.15) 

t=i 

where  VAR[-]  denotes  variance,  and  COV[-,  •]  denotes  covariance.  Note  that 

COV[sj,  sq\V,  $]  =  COV[dj,  dQ\V,  $]  =  0  (4.16) 


and 

COV[s/,dQ|'Ir,  $]  =  C0V[d/,5Q|^,$]  =  0  (4-17) 


Denoting  s  =  sj  +  jsq  and  d  =  dj  +  jdq,  the  in-phase  and  quadrature  parts  of 
the  monopulse  ratio  axe  given  by 


d isj  +  sqdg 

S]  +  SQ 

dqsj_  -  djsq 
s2I  +  sQ 


(4.18) 

(4.19) 


The  joint  PDF  of  yj  and  yq  is  obtained  by  applying  the  one-to-one  transforma¬ 
tion  of  random  variables  defined  by  (3.9),  (3.10),  (4.18),  and  (4.19)  into  the  PDF 
/(.s/,  sq,  dj ,  dq\ty ,  $),  integrating  the  result  with  respect  to  Vb  and  conditioning  the 
density  on  A,  the  measured  amplitude  of  the  sum  signal.  The  following  theorem  gives 
the  result  in  a  general  form. 


Theorem  4.1  Let  the  in-phase  and  quadrature  parts  of  the  sum  and  difference 


signals  be  Gaussian  signals  with 

si  =  E[Sl  (4.20) 

sq  =  E[sq\V,$]  (4.21) 

dj  =  £[d/|'L,$]  (4.22) 

dQ  =  E[dQ  (4.23) 

Pu  =  E[(si  -  s/)2|^,  $]  =  E[(sq  -  sq)2^  ,  $]  (4.24) 

P22  =  E[(dj  -  d/)2|$,  $]  =  E[(dQ  -  dq)2^,  $]  (4.25) 


P12  -  E[(sj  -  sj)(dj  -  dj)|^,$]  =  E[(sq  -  sq)(dq  -  dg)|\I',$]  (4.26) 
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and  E[(si  —  $i)(sq  —  sg)|'Ji,,$]  =  E[(dj  —  dj)(dq  —  dg)|\I,,$]  =  0,  where  $  and  $ 
denote  the  sets  of  given  parameters.  Then  the  PDF  of  yj  and  yq  conditioned  on  the 
measured  amplitude  of  the  sum  signal,  A,  is  given  by 

rt  li  .t.  A  Pll 


fiVhVQ  = 


2x(pnP22  -Pi2)/o(— +  ‘ 


x  Iq( - - - —  y/~A\  +  A2  +  ^3  + 

VPllP22  -  P12  ' 

\  P11  \fj  _  P12\2  ,  . 

xe,pl"2to.P»-A)Ki,“*W  +l 

r  A2pn  \(  Pi2\2  ,  2 


x  exp  — 


2(PllP22  -P12) 


+  [dq  “  sq ; 


(4.27) 


where 


*  -  [(r*  -  Hr  +  r  - w))2 + ^ + 5«)  (4.2s) 

LVPn  Pn  Pn  J  Pn  J  v  ' 

M  =  [(y/  -  +  yg]  (dj  +  ^g)  (4.29) 

43  =  2 [(^7  ■  Wi +  ST(1  ■  w))  (w  "  si) "  (*,dl  +  S°s«)  (4'30) 

M  =  2  -  jTp(l  +  yg)  +  ~Vq\  (sfdQ  -  SQdl)  (4.31) 


The  first-  and  second-order  moments  of  yj  and  yq  are  given  by 


E[wiA,«,*]  =  ai+Ji|0(A 

Pn  1  \pi] 


h 2  4.  *2 
si  +  SQ , 


h2  ,  ^2 

57  +  s<? 


bIkqIa,  *.*]  =  /, 10 


VPll  V 

s/dj  +  sgdg  _  P12 

A^/if+4  WlA- 


”“v  QJUJsj+si 


(4.32) 


(4.33) 


COV[p/,pg|A,^,$]  = 


dldQ{s]  “  «g)  “  */5g(S}  -  5^)  p12  -  _  -  ' 

- A2(if  +  4) - a^-Mq-^J 

Im{zr~\ls)  +  (4-34) 


VAR[y/|A,tf,*]  = 


X  JlHp^r+6« 

P11P22  -  P12 


A2Pn 

M/  +  sqdq  -  puPnitf  +  ^)]2 

A  2(s2i  +  s2q) 


7Hp^  +  ^ 
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Pll 


x/no(-^H) 


PnJ  J  A  3/^  +  ^ 


VAR[?/q|A,  *,  •]  =  +  Alo (^V^)  ^  ^ 


+  4) 


/l|0(— v^+^) 


A  3\A/  +  5g 


where 


/l|o(l) "  iJw 

J?|o(*)  =  1  -  ~A|o(®)  -  ii2|o(z) 

and  Ii{‘)  is  the  first-order  modified  Bessel  function  of  the  first  kind. 


(4.35) 


(4.36) 

(4.37) 

(4.38) 


Proof:  See  Theorem  A. 2  of  Appendix  A. 

In  the  remainder  of  this  chapter,  the  results  of  Theorem  4.1  will  be  used  to  develop 
the  amplitude-conditioned  PDF  and  statistics  of  the  various  special  cases.  First,  a 
single  Rayleigh  target  is  considered  for  a  monopulse  system  with  real  correlation  in 
the  receiver  errors  on  the  sum  and  difference  channels. 


4.1  Rayleigh  Target  and  Real-Correlated  Receiver  Errors 

The  in-phase  and  quadrature  components  of  the  sum  and  difference  signals  for  a 
Rayleigh  target  and  real- correlated  receiver  errors  are  given  by  (4.1)  through  (4.4), 
with  cti  =  0  for  all  i,  and  /?,•  =  0  for  all  i  >  1.  Then  sj  =  sq  =  dj  —  d,Q  =  0,  and 
(4.13)  through  (4.15)  gives 


Pn  =  VAR[s/|^^]  =  VAR[sq|^^]  =  /?i0  +  cr|  (4.39) 

P22  =  VAR[d/|^^]  =  VAR[c/q|'1>jR]  =  ?7i/?i0  +  aj  (4.40) 

P12  =  COV[s/,dj|ff’jZ]  =  COV[sQ,dQ\'f>R]=r}iPi0  (4.41) 


where  is  the  parameter  set  ^Si^d,}-  Using  these  results  in  (4.27)  through 

(4.31)  gives  the  PDF  of  the  in-phase  and  quadrature  parts  of  the  monopulse  ratio  for 
a  Rayleigh  target  as 


/(w»yQ|A,®ji) 


A2Pn 


_  _  0X0 

2tt(phP22 -P12)  L  2 (pnp22-p2n) 

=  f(yi\®o^R)f(yQ\®o,*R) 


A2Pn 


(yi 


Pl2 \2  .  2 

+  v° 


(4.42) 
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where 

»(!a±»s;,A) 

/(!/Ql»»,4'jt)  =  Jv(0,2^)  (4.44) 

=  [Orjf,  _  P2  \  ^RlViy  ~  ^pO-rfO-g1) 

^  L(r|\  3J/zi+l/  Rri  + 1 

with  given  by  (3.14),  and  N(x,a 2)  denoting  the  Gaussian  distribution  with 
mean  x  and  variance  a2.  Thus,  yj  and  yq  are  conditionally  Gaussian,  independent 
random  variables.  Note  that  (4.43)  shows  that  even  for  p  —  0,  yj  is  a  notably  biased 
observation3  of  the  DOA  rj  for  values  of  less  than  about  13  dB.  While  the  results 
of  (4.43)  through  (4.45)  can  be  shown  to  be  equivalent  to  that  developed  by  Tullsson 
in  [34],  Tullsson  did  not  explicitly  show  the  independence  of  yj  and  yq  given  by  (4.42). 

For  N  independent  samples  or  pulses,  the  ML  estimate  of  yj,  which  is  the  mean 
of  yj  given  A,  is  given  by 

N  _j  N  i  N  ■ 

VI  -  [ X]  X) ®okVlk  =  vprr-  ^okVlk  (4.46) 

Lj=i  ifc=i  N  *=i 

where  and  yjk  denote  the  observed  SNR  and  in-phase  monopulse  ratio  for  pulse 
k  and 

1  N 

y*  =  Ar2>”‘  (<•«) 

k=l 

Thus,  the  estimate  yj  is  a  “power”  or  “energy”  weighted  sum  of  the  N  monopulse 
ratios  [28].  Since  the  j/j*  are  Gaussian  random  variables,  yj  is  the  minimum  variance 
estimate  of  yj  and  a  Gaussian  random  variable  with  variance  given  by 

avi  =  [  S  2®ok]  p  =  2NYn  ^4*48^ 

However,  note  that  yj  being  the  minimum  variance  estimate  of  yj  does  not  imply 
that  yi  is  the  minimum  variance  estimate  of  rj. 

4.2  Two  Rayleigh  Targets 

The  in-phase  and  quadrature  components  of  the  sum  and  difference  signals  for 
two  unresolved  Rayleigh  targets  and  independent  receiver  errors  are  given  by  (4.1) 
through  (4.4),  with  a,  =  0  for  all  i,  fa  =  0  for  all  i  >  2,  and  p  —  0.  The  p  —  0  is  made 


(4.45) 


3 


Notably  biased  estimate  is  used  here  to  denote  a  biased  estimate  with  bias  greater  than  5%  of  the  true  value. 

83 


NSWCDD/TR-97/167 

to  simplify  the  following  analysis.  Then  sj  =  sq  =  di  =  dQ  =  0,  and  (4.13)  through 
(4.15)  gives 


Pn  =  VAR[s/|$2jR]  =  VAR[sQ|^2p]  =  ft  io  +  ftl*  +  4  (4.49) 

P22  =  VARfol^*]  =  VAR[dQ|tf2*]  =  t ?1%  +  vlftb  +  4  (4.50) 

P12  =  COV[sj,d/|tf2#]  =  COV[sg,dQ|^2jR]  =  TjifiiQ  +  tj  2  ft 20  (4-51) 


where  '$2R  is  the  parameter  set  {^io,»7i,  /?20,  V2,  <?S,  °d}-  Using  these  results  in  (4.27) 
through  (4.31)  gives  the  PDF  of  the  in-phase  and  quadrature  parts  of  the  monopulse 
ratio  for  two  unresolved  Rayleigh  targets  as 


f{vi>  vq\ A,  ^2R)  = 


A  2p 


'll 


2tt(phP22  -  P12) 


exp 


A  2p 


11 


2(phP22  -Pn)'- 


(  Pl2\ 
(: Vi  ~  ~) 
P11 


2  ,  2 
+  VQ 


f(Vl\*o,*tR)f(VQ\*o,*2R) 


(4.52) 


where 


'&R1V1  +  $R2V2 


f(yi\$o,*2R)  N($m  +  $R2  +  l 

f(VQ\*;*2R)  =  iV(05<ri2) 


_  2 
a\ 


2»„ 


Q  = 


’4  ,  gW  +  $R2V2  +  ^m^R^ivi  -  rn4 
■4  9?m+3?iJ2  +  l 


(4.53) 

(4.54) 

(4.55) 

(4.56) 


with  dtjn  and  $R2  given  by  (3.14).  Note  that  (4.53)  through  (4.56)  can  be  shown 
to  agree  with  the  results  of  Tullsson  in  [34].  Thus,  yj  and  yq  are  conditionally 
Gaussian,  independent  random  variables.  The  variance  expression  of  (4.55)  also  shows 
that  the  DO  A  estimation  for  two  unresolved  targets  is  not  directly  improved  by 
increasing  the  expected  value  of  through  the  transmitted  energy  because  increasing 
the  transmitted  energy  also  increases  §Iri  and  The  larger  errors  in  the  monopulse 
measurements  occur  when  the  two  target  echoes  interfere  to  produce  a  value  for 
that  is  small  relative  to  ^ri^R2(^ri  +  $^R2  +  l)-*1.  These  larger  errors  also  occur 
when  tracking  a  single,  extended  target,  and  the  errors  are  referred  to  as  glint  [38]. 

For  N  independent  samples  or  pulses,  the  ML  estimate  of  j/j,  which  is  the  mean 
°f  VI  given  A,  is  given  by  (4.46).  Since  the  yj &  are  Gaussian  random  variables,  yj  is 
the  minimum  variance  estimate  of  yj  and  a  Gaussian  random  variable  with  variance 
given  by 

(4.57) 
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However,  note  that  yj  being  the  minimum  variance  estimate  of  yj  does  not  imply 
that  yj  is  the  minimum  variance  estimate  of  either  771  or  77 2. 


4.3  Fixed-Amplitude  Target 

The  in-phase  and  quadrature  components  of  the  sum  and  difference  signals  for 
a  fixed-amplitude  target  and  independent  receiver  errors  are  given  by  (4.1)  through 


(4.4),  with  OLi  =  0  for  all  i  >  1,  /%  =  0  for  all  %  >  0,  and  p  =  0.  Then 

$1  =  $jp]  =  a.\  cos  (j>\  (4.58) 

sq  =  =  ax  sin  <f>\  (4.59) 

dj  =  =  OL\rn  cos  fa  (4.60) 

~dq  =  E[dQ\^F,  $f]  =  octfi  sin  <f>\  (4.61) 

and  (4.13)  through  (4.15)  gives 

Pu  =  VAR[s/|\Erf’,$f’]  =  VAR[sQ\VF,$F]  =  4  (4.62) 

P22  =  VAR[dj|*F,*f]  =  VXR[dQ\9F,QF]  =  aj  (4.63) 

Pi2=  COV[si,di\$F,$F]  —  COV[sQ,dQ\tyF,$F]  =  0  (4.64) 

where  \Pf  is  the  parameter  set  {0:1,771,0-5, o-,/},  and  $F  is  the  parameter  set  {<^1}. 
Using  these  results  in  (4.28)  through  (4.31)  gives 

M  =  ^(4  (4-65) 

aS 

A2  =  [yj  +  VqWiVi  (4-66) 

2 

M  =  2yi^j4m  (4-67) 

as 

A4  =  0  (4.68) 


Using  (4.58)  through  (4.68)  in  (4.27)  gives  the  PDF  of  the  in-phase  and  quadrature 
parts  of  the  monopulse  ratio  for  a  fixed-amplitude  target  as 


Using  (4.32)  and  (4.33)  gives  the  first-order  moments  or  expected  values  of  yj  and 
VQ  as 


-%/|A, 'S.f]  =  ^i|o(-^j-)»?i 

E[yQ\K  ^f]  =  0 
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Using  (4.34)  through  (4.35)  gives  the  second  central  moments  of  yj  and  yq  as 

/(*iA 


VAR[j/7|A,^]  =  xf 


C0V[t/7,J/g|A,^ir]  =  0 


+ 


A2 

1  - 

7i|o( 

'01A 

■  °l 

al°Sr  ( 

aqA' 

\  2 

a3  M 

n2 

-  as  ■ 

)v 

°S 


axA71'0 


V  <A  ) 


(4.72) 

(4.73) 

(4.74) 


While  yj  and  yq  are  not  independent,  (4.74)  indicates  the  random  variables  are 
conditionally  uncorrelated.  Thus,  any  statistical  processing  of  yj  and  yq  that  is 
based  on  the  first  two  moments  can  be  accomplished  independently. 

The  third  and  fourth  central  moments  of  yj  and  yq  were  derived  using  (A. 99) 
and  (A.  100)  of  Appendix  A.  The  third  central  moments  of  yj  and  yq  are  equal  to  the 
third  marginal  cumulants  [12,  p.  158]  A30  and  A03  as  defined  (A. 88)  in  Appendix  A. 
Thus,  the  third  central  moments  are  then  given  by 


^30 


'30 


A3 


OL\  A 


+  2 


V  oc\tf) 


71l°(^) 


3ct5  t2  fa  1A\ 

aiA^H  <4 ) 


afy3  ai  A 

'-p-Sl(7T) 


(4.75) 


while  the  third  central  moment  of  yq  was  found  to  be  zero  or  //03  =  A03  =  0.  The 
function  gi( 2$F1)is  shown  for  various  SRp!  in  Figure  4.1,  where  $lFl  is  given  by  (3.13). 
Note  that  while  the  plot  of  ^i(29?7’j)  in  Figure  4.1  corresponds  to  3ff0  =  Jftf’i,  the 
effects  of  T0  being  larger  or  smaller  than  can  also  be  assessed  by  considering  the 
function  in  the  neighborhood  of  Kfi.  Since  <?i(-)  is  positive,  the  PDF  of  j//  is  skewed 
toward  zero,  while  the  PDF  of  yq  is  symmetric  about  its  mean  of  zero.  Figure  4.1 
also  indicates  the  skewness  of  the  PDF  of  yj  decreases  as  the  SNR  increases. 

The  forth  marginal  cumulants  of  yj  and  yq  are  given  by 


A40  = 


4  4  r 
a^rj  1 


A4 


-2  + 


3tr| 


+  8 


11(4\r2  /qiaA 


a2  A2, 
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(  qiA\ 


4  4 

« lV  ,  A  — 2\ 

=  -^T22(aiAcr5  ) 


r4  ( OjA\ 

as  ' 


(4.76) 
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(4.77) 
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where  the  scaling  functions  and  <73(2^1)  are  shown  in  Figure  4.1.  The 

scaling  functions  suggest  that  PDFs  of  yj  and  yq  approach  a  Gaussian  PDF  as  the 
SNR  increases.  The  fourth  central  moments  of  yj  and  yq  are  then  given  by 

g  40  =  A40  +  3A20  (4-78) 

/h)4  =  A04  +  3Aq2  (4.79) 


The  kurtosis  [39]  will  be  used  as  a  “measure”  of  the  closeness  of  a  PDF  to  a 
corresponding  Gaussian  PDF.  The  kurtosis  for  yi  is  given  by 


TS  _  ^40  „  _  A40 

K  -  „2  6  ~  \2 

P20  a20 


(4.80) 


The  kurtosis  for  yq  is  given  similarly.  Since  the  fourth  cumulant  for  a  Gaussian 
random  variable  is  zero,  K  =  0  for  a  Gaussian  random  variable.  Figure  4.2  gives  the 
maximum  acceptable  DOA  versus  SNR  for  a  Gaussian  approximation,  with  \K\  < 
0.03  and  \K\  <  0.003  as  criteria  for  approximation.  The  solid  lines  correspond  to  j//, 
while  the  dash  lines  correspond  to  yq.  Since  the  kurtosis  of  yj  is  positive  by  (4.76) 
and  (4.80),  the  PDF  of  yj  is  more  peaked  near  the  mean  than  the  Gaussian  PDF, 
while  the  PDF  of  yq  is  more  flat  near  the  mean  than  the  Gaussian  PDF,  since  the 
kurtosis  is  negative  by  (4.77)  and  (4.80).  Also  note  that  =  cr$  in  Figure  4.2, 
and  the  SNR  actually  corresponds  to  \/K^i3?0.  Thus,  the  appropriateness  of  using 
a  Gaussian  PDF  for  yj  and  yq  depends  on  the  SNR  and  the  observed  SNR.  For 
example,  if  v^-Fl^o  >  13  dB,  a  Gaussian  PDF  for  yj  satisfies  the  0.003  criterion 
for  |7/|  <  1.0.  Figure  4.2  also  indicates  that,  for  a  given  37^  1  and  f?,  a  Gaussian  PDF 
provides  a  better  approximation  to  the  peak  of  the  PDF  of  yj  than  for  the  PDF  of 

yq- 


4.4  Fixed- Amplitude  Target  and  Rayleigh  Target 

The  in-phase  and  quadrature  components  of  the  sum  and  difference  signals  for 
unresolved  measurements  of  a  fixed-amplitude  target  and  a  Rayleigh  target  and  in¬ 
dependent  receiver  errors  are  given  by  (4.1)  through  (4.4),  with  a*  =  0  for  all*  >  1, 
=  0  for  all  i  ^  2,  and  p  —  0.  Then 


Si  =  E[si\'$fr,$f]  =  cos  4>1 

(4.81) 

sq  -  E[sq\^FR,^F]  =  <*1  sin  <j>  1 

(4.82) 

dj  =  E[di\^>FR,^F]  =  &1V1  cos  01 

(4.83) 

dq  =  E[dq\'$FR,§F]  =  sin  <j>x 

(4.84) 
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Figure  4.1  Scaling  Functions  for  the  Cumulants 


Figure  4.2  Maximum  DOA  Versus  SNR  for  Gaussian  Approximation 


NSWCDD/TR-97/167 
and  (4.13)  through  (4.15)  gives 

Pii  =  $ir]  =  VAR[sq|^^,  $f]  -  $•  lo  +  <75 

P22  —  VARfd/I^FjR,#/']  =  VAR[dQ|^^,  $p]  =  V2P20  +  Vd 
P12  =  COy[si,di\^FR^F]  =  COV[s<3,dQ|^^,  =  j/2^|o 


(4.85) 

(4.86) 

(4.87) 


where  ^fr  ’s  the  parameter  set  {<*i,»7i,/?2o>0,S><7«l}»  and  $7?  is  the  parameter  set 
{<^1}.  Using  these  results  in  (4.28)  through  (4.31)  gives 
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020  +  as  (020  +  ^l)2  0\ 20  +  °s 

r/  ^2^20  ^ ,  2 
+!,« 


(1  -  yi)  )  + 


1)2020 
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(4.89) 


.  _0  2  1Y  °\  ,  WVs  ,  *12020  n  x\/  mP20_ \ 

3  CKlV71  K^lo  +  (y^lo  H-  <t|)2  /?|0  +  <rf  VI  )  V1  £f0  +  cr|) 


1)202OaS  1  1)2020 


»?2/?20 


^20  +  ^5 
1)2020 


020  +  aS 


J2/Q 


a4  =  0 


(4.90) 

(4.91) 


Using  (4.81)  through  (4.91)  in  (4.27)  gives  the  PDF  of  the  in-phase  and  quadrature 
parts  of  the  monopulse  ratio  for  unresolved  measurements  of  a  fixed-amplitude  target 
and  a  Rayleigh  as 

f(vi,VQ  I  A,  <PfR)  = - ^ - r  1  --- l(^°  +  ^ 


2 
d 
2 
5 

x  exp  — 


o ,  Pitfh  \r  (  Aa2  \  +  + 
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)2 
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A2a2()d2o  +  <^5)  f  1  /  V202Q 
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(4.92) 
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' 20  T  USJ 

Using  (4.32)  and  (4.33)  gives  the  first-order  moments  of  yj  and  yq  as 

020  „  ,  «1  r  (  alA  A  (_  020 


E[yi\A.,^  fr] 


020  + 


«1  r  (  alA  \  (  P20  \ 


E[yq\A,  ^fr]  =  0 


(4.93) 

(4.94) 

(4.95) 


89 


NSWCDD/TR-97/167 

Using  (4.34)  through  (4.35)  gives  the  second  central  moments  of  yj  and  yq  as 
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(4.96) 


(4.97) 

(4.98) 


While  yj  and  z/q  are  not  independent,  (4.98)  indicates  the  random  variables  are 
conditionally  un correlated.  Thus,  any  statistical  processing  of  yj  and  yq  that  is 
based  on  the  first  two  moments  can  be  accomplished  independently. 

4.5  Rician  Target 

The  in-phase  and  quadrature  components  of  the  sum  and  difference  signals  for  a 
Rician  target  and  independent  receiver  errors  are  given  by  (4.1)  through  (4.4),  with 
oii  =  0  for  all  i  >  1,  /?,•  =  0  for  all  i  >  1,  and  p  =  0.  Then 


si  =  Elsil^Ri,  $Ri]  =  ax  cos  <f> i  (4.99) 

sq  =  E[sQ\^Ri,  $/*,-]  =  oci  sin  fa  (4.100) 

dj  =  E[dj\^Ri,  $Ri]  =  oii-qi  cos  <j>i  (4.101) 

dq  =  E[dq\^Ri,  =  am  sin  (f>i  (4.102) 

and  (4.13)  through  (4.15)  gives 

Pn  =  VAR[s/|'I,^j,  $Ri]  =  VAR[sq|\I'£j-,  <f>Ri]  =  +  cr2s  (4.103) 

P22  =  VAR[d/!'I»ijt-,  4>^]  =  VAR[<7q|'I'^,  $Ri]  =  r)j0iO  +  oj  (4.104) 


P12  =  COV[s/,d/|5f_Rj-,$iii]  =  COV[sq,  dq\*$!  ri,  =  yiPiQ  (4.105) 


where  \f ' Ri  is  the  parameter  set  {aq,  771,  /?io ,  <?Si  &d}i  and  is  the  parameter  set 
{^l}.  Using  these  results  in  (4.28)  through  (4.31)  gives 
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(4.107) 
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ViPio  4  ,  vA 
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(4.108) 


and  A4  =  0.  Using  (4.99)  through  (4.108)  in  (4.27)  gives  the  PDF  of  the  in-phase  and 
quadrature  parts  of  the  monopulse  ratio  for  a  Rician  target  as 
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where 
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Using  (4.32)  and  (4.33)  gives  the  first-order  moments  of  yj  and  yq  as 
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(4.112) 


Using  (4.34)  through  (4.35)  gives  the  second  central  moments  of  yj  and  yq  as 
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While  yj  and  ?/q  are  not  independent,  (4.115)  indicates  the  random  variables  are 
conditionally  uncorrelated.  Thus,  any  statistical  processing  of  yj  and  yq  that  is 
based  on  the  first  two  moments  can  be  accomplished  independently. 
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4.6  Two  Fixed-Amplitude  Targets 

The  in-phase  and  quadrature  components  of  the  sum  and  difference  signals  for 
two  unresolved  fixed-amplitude  targets  and  independent  receiver  errors  are  given  by 
(4.1)  through  (4.4),  with  cti  =  0  for  all  i  >  2,  $  =  0  for  all  i  >  0,  and  p  =  0.  Then 


sj  =  E[sj\^2F,  $2.f]  =  «i  cos  fa  +  a2  sin  fa  (4.116) 

sq  =  E[sq\^2F »  $2.f]  =  »i  sin  fa  +  a2  sin  fa  (4-117) 

di  =  E[di\'£2F,$2F]  =  a^i  cos  fa  +  a2r)2  sin  fa  (4.118) 

2q  =  E[dq\^2F)  $2/’]  =  aim  sin  +  a2f]2  sin  fa  (4.119) 

and  (4.13)  through  (4.15)  gives 

Pn  =  VAR[s7|^2F,  $2f]  =  VAR[sq|$2.f,  $2f]  =  <r2s  (4.120) 

P22  =  VAR[d/|^2i:’,^2F]  =  VAR[dQ|^2P)^2f]  =  v2d  (4.121) 

P12  =  CW[si,di\'$2F,§2F]  =  COV[sQ,dQ|$2f’5^2J;’]  =  0  (4.122) 


where  'S,2F  is  the  parameter  set  {al5  *71,0:2,  772,  ^S^d},  and  $2F  is  the  parameter  set 
{^1^2}-  Using  these  results  in  (4.28)  through  (4.31)  gives 
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Ai  =  — j  ai+a2  +  2aia2  cos  A^j 


Ao  = 
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y2I  +  Vq]  [ah2  +  a2T}2  +  2a1a2mm  cos  A <j> 
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A3  =  2yj—\a{r}\  +  +  a\a2{m  +  ^2)  cos  A <f> 

a s  l 

2 

A4  =  —2aia2(rfi  —  m)~Y  sin  A<fi 


(4.123) 

(4.124) 

(4.125) 

(4.126) 


where  A<j>  =  fa  -  fa.  Using  (4.116)  through  (4.126)  in  (4.27)  gives  the  PDF  of  the  in- 
phase  and  quadrature  parts  of  the  monopulse  ratio  for  two  unresolved  fixed-amplitude 
targets  as 


f(yi,yQ\A,^2FA<f>)  = 
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Using  (4.32)  and  (4.33)  gives  the  first-order  moments  of  yj  and  yq  as 

£[y/|A,$2F, M]  =  h\o{\y/^ i  +  «2  +  2aia2  cos  A<^) 

s 

x  ai7i  +  Q2??2  +  aia2(7/i  +  772)  cos  A<?i 

A-\/ aj  +  a2  +  2oiQf2  cos 

A^>]  =  -/i|o(Jr\A*i  +  «2  +  2oi«2  cos  A</>) 
s 

^  aict2(r)i  -  T] 2)  sin  A<^> 

Ay/a^  +  0:2  +  2q;iq;2  cosA^ 

Using  (4.34)  through  (4.35)  gives  the  second  central  moments  of  y/  and  yg  as 

VAK[w|A.92f.,  A*]  =  4  +  l<4vi+tiyfic*(m+m)<x»^? 
iy  '  ’  A2  A2[af +  a2  +  2o!a2  cos  A<^] 

x  7*i0  {-rd&i  +  «2  +  2oiq;2  cos  A<^) 


(4.128) 


(4.129) 


g|(gjgi  +  a|72  +  ZaiQWhm  cos  A^) 

A3a/o:2  +  al  +  2o;iQ;2  cos  A</> 

x  ^i|o(’T^ai  +  a2  +  2o:ia2  cos  A<^  (4.130) 

s 

VARfajIA,  Afl  =  d  + 

y  A2  A2  [a2  +  a2  +  2aia2  cos  A^] 

x  A*|o("tV ai  +  a2  +  2o:iQ!2  cos  A<^ 

+  a!7?!  +  2aia2»/i»/2  cos  A^) 

A^yf  Ol\  +02+  2o^ia2  cos  A<^> 
x  7i|o(^"\/ai  +  a2  +  2aia2  cos  A^  (4.131) 

COVfr„w|A,«„,Afl  =  -  -  A*L 

A^[cq  +  al  +  2a^a2  cos  A<pj 

X  ^l|o("T \A*1  +  a2  +  2o:iQ!2  cos  A^ 

x  [«i7/i  +  a|y2  +  0:1 02(^1  +  *72)  cos  A <j>]  (4.132) 


Then  (4.132)  shows  that  yj  and  yq  are  not  independent  nor  uncorrelated  for  a  fixed 
relative  phase  A <f>  ^  0  or  ±7 r.  Since  yq  has  a  nonzero  mean  for  a  fixed  relative  phase 
A <j>  ^  0  or  ±7r,  the  sample  mean  of  yq  may  prove  useful  in  the  detection  of  a  fixed 
relative  phase. 
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4.7  Fixed- Amplitude  Target  in  Presence  of  Multipath 

The  in-phase  and  quadrature  components  of  the  sum  and  difference  signals  for  a 
fixed-amplitude  target  in  the  presence  of  sea-surface-induced  multipath  are  given  by 


(4.1)  through  (4.4),  with 

«i  =  at  (4.133) 

<*2  =  gpsat  (4.134) 

«3  =  gps&t  (4.135) 

«4  =  {gpsfctt  (4.136) 

4>i  =>  (4.137) 

<t>2  =  0  +  A<j>  (4.138) 

fa  =  $  +  &<!>  (4.139) 

(j>i  =  <f>  +  2A(j)  (4.140) 

01  =  0  (4.141) 

02  =  gPd<*t  (4.142) 

03  =  gpd<*t  (4.143) 

04  =  {gpdfoit  (4.144) 

ip2  =  <f>  +  4>d  +  A<j>  (4.145) 

V>3  =  <t>  +  fa  +  A<f>  (4.146) 

V4  —  4*  ‘Ztfrd  +  2A 4>  (4.147) 


where  on  is  the  voltage  amplitude  of  the  target,  and  the  remaining  variables  are 
defined  in  Section  2.6.  Also,  a.{  =  0,  and  /?,■  =  0  for  all  i  >  4.  The  resulting  equations 
correspond  to  (2.80)  through  (2.83).  Note  that  A <f>  includes  the  phase  difference  due 
to  both  the  PLD  and  the  specular  reflection  at  the  sea  surface,  which  is  approximately 
7r.  The  errors  nsi,nsQ,ndj,  and  ndq  are  assumed  independent  so  that  p  =  0. 

Then  (2.80)  through  (2.83)  can  be  rewritten  as 

SI  =  atc  cos<?!>  ~  &ts  sin<^  +  ajc  cos (</>  +  A<f>)  —  aj$  sin (<f>  +  A<^) 

+  %atgpd  cos (<f>d  +  A <t>)  +  c*t(gpd)2  cos(2^  +  2Afa  +  nSj 
SQ  =  &tC  sin^  +  ottS  cos<f>  +  aIC  sin (</>  +  A fa  +  aJS  cos (<j>  +  A  fa 
+  Zatgpd  sin (fa  +  A fa  +  at(gpd)2  sin(2 fa  +  2.Afa  +  nsq 
di  =  octCVt  cos (j>  -  atsr]t  sin <f>  +  aIcgi  cos (<f>  +  A fa  -  ajsr)i  sin(^  +  A^) 

+  at(Vt  +  m)gpd  cos (fa  +  Afa  +  atru(gpd)2  cos(2 <}>d  +  2A fa  +  ndI 


(4.148) 

(4.149) 

(4.150) 
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dq  =  atcVt  si n<^  +  octeVt  cos^  +  aICVl  sin(0  +  A <f>)  +  otjsgi  cos(</>  +  A<^>) 

+  Mvt  +  Vl)9Pd  sin (<f>d  +  A (f>)  +  atT)i(gpd)2  sin(2  fa  +  2A <f>)  +  ndQ  (4.151) 

where 


OiC  =  ot(l  +  gps  COS  A  <f>) 

(4.152) 

CHS  =  ongps  sinA  <j) 

(4.153) 

die  =  dtgps{  1  +  gps  cosA <£)  =  gpsoitc 

(4.154) 

07  s  =  att(gps)2  sinA  (j)  =  gpsdts 

(4.155) 

Let  $ mp  denote  the  parameter  set  {at,rjt, rjj,  ps,PdQi<TSi<7d}i  and  &MP  denote 


the  parameter  set  {<j)f  A<f>, }.  With  _E[-]  denoting  the  expected  value,  let 

«/  =  E[si\^mp,  ®Mp]  =  atC  cos (j)  -  ats  sm<t>  +  ajc  cos (<£  +  A<f>) 

—  ajs  sin(^  +  A <j>)  (4.156) 

sq  =  E[sq\^mp,  $Mp]  =  atC  sin<^  +  q;/5  cos <f>  +  aic  sin(^  +  A^) 

+  ocjs  cos (<f>  4-  A (j>)  (4.157) 

dj  =  E[dj\$MPi $Mp\  —  dtCPt  cos <f>  —  cttsVt  sin</>  +  ajcVi  cos (<f>  +  A<j>) 

—  ajsrji  sin(<^  +  A(j>)  (4.158) 

dq  =  E[dq\^MP,  §mp)  -  atCVt  sin^  +  atcnt  cos <j>  +  aicgi  sin (<f>  +  A <f>) 

+  0/57/7  cos ((f>  +  A<t>)  (4.159) 

Also, 

P11  =  E[{si  -  5/)2|\I>m7>,  §mp]  =  E[{sq  -  sqfl^MP,  $mp] 

=  4a?  Pdo92[l  +  Pdo92}  +  °s  (4.160) 

P22  =  E[(dj  -  di)2\$MP, $1 mp]  =  E[(dq  -  dq)2\^MP,  ®mp] 

=  <XtPdo92[(Vt  +  VI?  +  ^Pdo92V2)  +  o\  (4.161) 

P12  =  E[(dj  -  dj)(sj  -  si)\^mp,  ®mp)  =  E[(dq  -  dq)(sq  -  sq)\^Mp,  $mp] 

=  2  a?  plog2  [%  +  (!  +  2p2d0g2  )t//]  (4. 1 62) 


While  pd  is  Rayleigh  distributed,  <pd  is  uniformly  distributed  on  (—7 r,  tt]  ,  and  the 
receiver  errors  are  Gaussian,  the  sum  and  difference  signals  of  (4.148)  through  (4.151) 
are  not  Gaussian  signals  because  f>j  is  exponentially  distributed  rather  than  Rayleigh. 
However,  since  typically  pd  <  0.5  and  g  <  1,  the  effects  of  ( pdg )2  should  be  small 
compared  to  that  of  pdg ■  Thus,  the  sum  and  difference  signals  will  be  approximated 
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as  Gaussian  for  the  development  of  the  statistics  of  monopulse  measurements  of  low- 
elevation  targets.  ' 

Using  (4.156)  through  (4.162)  in  (4.27)  gives  the  PDF  of  the  in-phase  and  quadra¬ 
ture  parts  of  the  monopulse  ratio  for  a  fixed-amplitude  target  in  multipath,  where 

5J  +  4  =  <*t  (1  +  2 psg  cosA <f>  +  p2sg 2)2  (4.163) 

dj  +  dg  —  a2 (1  +  2 psg  cosA^  +  Ps92)(Pt  +  ‘ZpsPPtPi  cosA</>  +  psg2pj)  (4.164) 
^idj  +  sqdq  =  a2 (1  -f  2 psg  cosA <f>  +  p2sg2) 

x  (Pt  +  Psg(vt  +  pi)  cosA (j>  +  p2sg2r)i )  (4.165) 

sidq  -  sQd j  =  -pspc^(l  +  2p5p  cosA<?i>  +  p2sg2)(pt  -  Pi))  sinA^.  (4.166) 


Using  (4.32)  and  (4.33)  gives  approximately  the  expected  values  of  yj  and  yq  as 
Pi2  ,  r  ~  .  ,  o  2\\at 


E[yi |A,  A<f>]  —  ~  -(1  +  2psg  cosA <f>  +  p2sg 


(4.167) 


x 


Pu  V  A 

(Vt  ~m)  +  ^Ps9^  ~p^)  +  +  7]I~  2fBPs9  cosA(t> 

A  at 

Pn 

&tPsg 


(4.168) 

(4.169) 


E[vq\A,  ^ mp ,  A$  =  7j |0  ('^(1  +  2psfir  cosA^  +  p2p2)^ 

■  (pi  ~  Pt)  sinA <f> 

where 

P\2  _  2Q2Prf0p2[?/«  +  (1  +  2p^Qp2)?7j] 

Pn  ^p2dQg2[l  +  p20g2)  +  a2s 

Using  (4.34)  gives  approximately  the  covariance  of  the  in-phase  and  quadrature 
monopulse  ratios  as 

COV[yi,yq\A,  $ mp ,  A$  =  (rjj  -  pt)^d~-  sinA^J 
x  % (1  +  2 psg  cosA <j>  +  p2sg‘ 2)^ 


X  “  pn)  +  ^s^2(7?/  _  ^7)  +  (*&  +  Vi  ~  2~)^<7  cosA<A 


(4.170) 


Using  (4.35)  gives  approximately  the  variance  of  yj  as 

VAR[?//|A, ^ mp, A</>]  =  PUP^2pi^n  +  +  2Psg  cosA 4>  +  p2sg2)^j 

+  (psg)2  (pi  - 


x 


Pt 


Pu' 

+  2  psg(y 


Pt 


Pu' 

~ )  (pi  -  — )  cosA<^ 

Pll^V  Pn / 
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+  (rn  -  — )  +  ( psg )2  (j II  -  jp)  +  (vt  +  VI-  2~)  ^  cos 

[V  pnJ  \  pnJ  \  pnJ  J 

x  ^|o(^(l  +  2PS9  cosA (j)  +  (4.171) 

where 

P11P22  -P12  1  kj  16^p^0/[>?f  -  ??/]2  +  2 +  7/j)2  + 

A2Pn  23?0  [<t|  8^jr/)^2[l  +  ^2]  +  l 

(4.172) 

^=4  (4-i73) 

Using  (4.36)  gives  approximately  the  variance  of  t/g  as 

VA%g|A,  A^]  =  ~^1p2pilPl2  +  ~^71|0 (^(!  +  2psg  cosA </>  +  p|tf2)) 

X  [(%  -  j^)  +  (p5P)2  (vi  ~  j^)  +  2p5£f  (??<  -  p-)  (??/  -  cosA^ 
x  pn  y  ^  P11'  '  Pn/V‘  P11'  J 

2  2  2  2  a 

+  ( VI  -  m)  — p—  sin2A(^]  +  2p5£  cosA<£  +  p|y2))  (4.174) 

Using  the  3?0  =  E[^(l0\G^p,  $mp]  of  (3.151)  and  the  sea-surface  reflection  model 
given  in  Section  2.6,  trajectories  of  E[yj\A,  ^MPi  A<£],  E[yq\k>  ^MPi  A</>],  and  the 
variances  were  generated  for  low-elevation  targets,  with  the  antenna  boresight  point¬ 
ing  directly  at  the  target.  Trajectories  were  generated  for  radars  operating  at  4  GHz 
in  S  band,  10  GHz  in  X  band,  and  16  GHz  in  Ku  band.  For  all  cases,  the  sea  sur¬ 
face  was  assumed  to  have  a  RMS  wave  height  of  0.25  m,  and  the  radar  is  vertically 
polarized  and  20  m  above  the  sea  surface. 

For  the  S  band  case,  the  radar  was  modeled  to  have  a  one-way  beamwidth  of 
2.5°  and  a  squint  angle  of  1.05°.  The  target  travels  from  a  range  of  20  km  to  a  range 
of  5  km  at  an  altitude  80  m.  The  means  of  yj  and  yq  and  the  associated  standard 
deviations  are  shown  in  Figures  4.3  and  4.4  for  a  16-dB  target  (i.e.,  16  dB  in  the 
absence  of  multipath),  and  Figure  4.5  gives  the  covariance  of  y\  and  yq.  Again,  note 
that  =  E\$t0\Q mp,  $Afp]  of  (3.151)  has  been  used  in  (4.167)  through  (4.174). 
Figure  4.6  compares  the  expected  standard  deviations  for  the  in-phase  monopulse 
ratios  for  a  16-dB  target  with  that  for  a  13  dB  target.  Note  that  the  standard 
deviation  for  the  monopulse  ratios  in  the  absence  of  multipath  is  about  0.11  for  a 
16-dB  target  and  0.14  for  a  13-dB  target.  Thus,  the  presence  of  multipath  severely 
corrupts  the  means  and  variances  of  the  in-phase  and  quadrature  monopulse  ratios. 
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Figure  4.3  Means  of  Monopulse  Ratios  for  16-dB  Target  at  an  Altitude  of  80  m  and 
S  Band  Radar 


Figure  4.4  Standard  Deviations  of  Monopulse  Ratios  for  16-dB  Target  at  an  Altitude 
of  80  m  and  S  Band  Radar 
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However,  Figure  4.4  shows  that  the  standard  deviation  of  the  in-phase  monopulse 
ratio  is  reduced  significantly  when  the  target  is  out  of  the  multipath  nulls  (i.e.,  peaks 
in  the  expected  value  of  the  in-phase  monopulse  ratios)  and  at  longer  ranges,  where 
the  specular  reflections  are  relatively  strong,  and  the  angles  between  the  target  and 
the  image  are  rather  small.  Figure  4.6  shows  that  the  larger  amplitudes  of  the  target 
reduce  the  measurement  errors  at  longer  ranges  where  the  specular  reflections  are 
relatively  strong  and  increases  the  measurement  errors  at  the  shorter  ranges  where 
the  diffuse  reflections  are  relatively  strong.  The  results  of  Figure  4.3  are  given  in 
the  complex  plane  in  Figure  4.7  along  with  the  same  results  for  pjo  =  0.  Note  that 
Figure  4.7  gives  only  the  results  for  the  target  ranges  of  15  km  to  8  km.  The  dash 
lines  in  Figure  4.7  give  the  means  of  yi  and  yq  for  specular-only  reflections  at  the  sea 
surface.  Figure  4.7  shows  that  ignoring  the  effects  of  the  diffuse  reflections  will  result 
in  significant  errors  in  the  DOA  estimation  for  a  target  in  the  presence  of  sea-surface- 
induced  multipath.  The  expected  values  of  the  in-phase  monopulse  ratios  for  a  target 
at  an  altitude  of  40  m  are  shown  in  Figure  4.8  for  specular  and  diffuse  reflections 
and  specular-only  reflections.  Figure  4.8  indicates  that  the  presence  of  the  diffuse 
reflections  reduces  the  effects  of  the  multipath  nulls.  Note  that  fewer  multipath  nulls 
occur  when  tracking  a  target  at  altitude  of  40  m  than  when  tracking  a  target  at  an 
altitude  of  80  m. 

For  the  X  band  case,  the  radar  was  modeled  to  have  a  one-way  beamwidth  of 
1.5°  and  a  squint  angle  of  0.63°.  The  target  travels  from  a  range  of  20  km  to  a  range 
5  km  at  an  altitude  30  m.  The  expected  values  of  yj  are  shown  in  Figures  4.9  and 
4.10  for  a  16-dB  target  at  altitudes  of  40  m  and  25  m,  respectively.  The  dash  lines 
of  Figures  4.9  and  4.10  give  the  means  of  yj  for  specular-only  reflections  at  the  sea 
surface.  Note  that  ignoring  the  effects  of  the  diffuse  reflections  in  X  band  will  result 
in  larger  errors  in  the  DOA  estimation  than  ignoring  the  diffuse  reflections  at  S  band. 
Figure  4.11  gives  the  expected  values  of  yj  and  yq  plotted  in  the  complex  plane  for 
specular  and  diffuse  reflections,  and  specular-only  reflections  at  the  sea  surface. 

For  the  Ku  band  case,  the  radar  was  modeled  to  have  a  one-way  beamwidth  of  1.0° 
and  a  squint  angle  of  0.42°.  Two  16-dB  targets  are  considered.  Both  targets  travel 
from  a  range  of  20  km  to  range  5  km,  while  the  first  target  travels  at  an  altitude  of 
25  m,  and  the  second  target  travels  at  an  altitude  of  10  m.  The  expected  values  of 
yj  for  both  targets  are  plotted  in  Figures  4.12  and  4.13.  The  dash  lines  in  Figures 
4.12  and  4.13  give  the  expected  values  of  yj  for  specular-only  reflections  at  the  sea 
surface.  Note  that  effects  of  ignoring  the  diffuse  reflections  are  even  greater  in  Ku 
band  than  in  X  band  or  S  band. 
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Figure  4.5  Covariance  of  the  In-Phase  and  Quadrature  Monopulse  Ratios  for  16-dB 
Target  at  an  Altitude  of  80  m  and  S  Band  Radar 


Figure  4.6  Standard  Deviations  of  the  In-Phase  Monopulse  Ratios  for  13-dB  and 
16-dB  Targets  at  an  Altitude  of  80  m  and  S  Band  Radar 
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Figure  4.7  Means  of  the  Complex  Monopulse  Ratios  for  16-dB  Target  at  an  Altitude 
of  80  m  and  S  Band  Radar 


Figure  4.8  Means  of  the  In-Phase  Monopulse  Ratios  for  16-dB  Target  at  an  Altitude 
of  40  m  and  S  Band  Radar 
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Figure  4.9  Means  of  the  In-Phase 
of  40  m  and  X  Band  Radar 


Figure  4.10  Means  of  the  In-Phase 
of  25  m  and  X  Band  Radar 
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TARGET  RANGE  (KM) 

Figure  4.13  Means  of  the  In-Phase  Monopulse  Ratios  for  16-dB  Target  at  an  Altitude 
of  10  m  and  Ku  Band  Radar 
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Chapter  5 

DIRECTION- OF- ARRIVAL  (DOA)  ESTIMATION 

As  discussed  in  Section  2.3,  the  monopulse  ratio  is  typically  used  as  the  DOA 
estimate.  However,  the  results  of  Chapter  4  show  that  the  monopulse  ratio  is  not 
the  ML  estimate  [11,  p.  65]  nor  MM  estimate  [11  ,p.  151]  of  the  DOA  for  a  single, 
resolved  target.  The  use  of  the  monopulse  ratio  is  the  result  of  physical  insight  into 
the  problem  and  the  work  of  Mosca  in  [40,41].  In  [40],  Mosca  showed  that  the  ML 
estimate  of  the  DOA  for  a  single  pulse  and  unknown  target  amplitude  and  phase  is 
given  approximately  by  the  in-phase  monopulse  ratio  for  a  high  SNR  and  a  small 
DOA  (i.e.,  a  target  very  near  the  antenna  boresight).  In  [41],  Mosca  derived  the  ML 
estimator  for  the  DOA  for  N  pulse  returns  from  a  pulse-to-pulse  Rayleigh  fluctuating 
target.  Mosca  concluded  that  the  estimator  was  too  complicated  and  showed  that 
for  a  high  SNR  and  a  small  DOA,  the  ML  estimate  is  closely  approximated  by  the 
in-phase  part  of  the  monopulse  ratio.  When  the  target  amplitude  and/or  phase 
are  jointly  estimated,  Mosca  showed  in  [40,41]  that  at  moderate  and  low  SNRs,  the 
monopulse  ratio  is  a  biased  estimate  of  the  DOA  as  given  by  (2.51).  A  slightly  different 
approach  to  the  DOA  estimation  for  a  single  target  is  taken  in  this  chapter  to  relax 
the  restrictions  of  a  high  SNR  and  small  DOA.  The  amplitude-conditioned4  PDFs 
and  statistics  developed  in  Chapter  4  are  used  to  develop  ML  estimators  and/or  MM 
estimators  of  the  DOA  for  a  single  resolved  target  with  a  known  target  amplitude.  The 
amplitude-conditioned  PDFs  are  also  used  to  develop  the  CRLBs  for  any  unbiased 
estimator  of  the  DOA.  When  the  target  amplitude  is  unknown,  the  ML  estimate  of  the 
target  amplitude,  as  developed  in  Chapter  3,  is  used  in  the  ML  estimators  and  MM 
estimators  to  form  GML  estimators  and  Generalized  Method  of  Moments  (GMM) 

4 

Since  the  conditional  PDF  corresponds  to  a  PDF  that  is  defined  on  a  restricted  probability  space  that  is  specified 
by  the  measured  amplitude  of  the  sum  signal,  statistical  quantities  developed  on  the  restricted  probability  space  have 
the  same  properties  as  their  unconditional  counterparts.  Since  all  of  the  estimators  and  CRLBs  developed  in  the 
chapter  are  conditional  estimators  and  CRLBs,  the  term  “conditional”  will  not  be  used  explicitly  to  denote  the 
estimators  and  CRLBs  developed  in  this  chapter. 
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estimators,  respectively.  The  DOA  estimates  and  the  target  amplitude  estimates  are 
also  used  to  develop  estimates  of  the  variance  of  the  DOA  estimates  that  are  required 
to  support  Kalman  filter  tracking  of  the  targets. 

When  target  echoes  are  not  resolved  in  the  frequency  or  time  domains,  the  results 
of  Chapter  4  clearly  show  that  the  in-phase  monopulse  ratio  is  not  an  appropriate 
estimate  of  the  DOA  of  either  target.  While  the  problem  of  DOA  estimation  of  unre¬ 
solved  targets  has  been  addressed  in  several  studies  involving  array  signal  processing 
[8]  and  multiple-beam  monopulse  (i.e.,  more  than  two  beams  per  angular  coordinate) 
[6,7],  the  work  of  Sherman  in  [1,4,42]  is  the  only  technique  that  utilizes  a  standard 
monopulse  system  in  the  DOA  estimation  of  two  unresolved  targets.  Sherman  pro¬ 
posed  the  use  of  complex  monopulse  ratios  from  two  pulses  separated  sufficiently  in 
time  so  that  the  relative  phase  of  the  two  targets  changes,  but  sufficiently  close  in 
time  so  that  the  amplitudes  of  the  two  targets  remain  fixed.  Sherman  then  used 
the  five  measured  quantities,  the  two  complex  monopulse  ratios  and  the  ratio  of  the 
measured  amplitudes  of  the  sum  signal,  to  compute  the  DOAs  of  the  two  targets,  the 
two  relative  phases,  and  the  ratio  of  the  target  amplitudes.  In  [43],  Daum  studied  the 
angular  estimation  accuracies  of  a  standard  monopulse  radar  system  for  two  unre¬ 
solved  targets  and  showed  that  the  estimation  accuracies  decline  significantly  as  the 
variance  of  the  target  amplitude  fluctuations  increases.  Sherman  also  showed  in  [44] 
under  similar  assumptions  that  the  in-phase  monopulse  ratios  from  the  two  angular 
coordinates  and  the  ratio  of  the  measured  amplitudes  from  two  pulses  can  be  used 
to  estimate  the  centroid  of  the  two  targets  and  the  slope  of  the  line  connecting  them. 
However,  achieving  two  pulses  with  echoes  that  satisfy  the  requirements  of  Sherman’s 
technique  is  not  very  likely.  Furthermore,  Sherman  utilized  a  deterministic  formula¬ 
tion  of  the  problem  to  develop  his  approach.  Thus,  to  date,  the  results  of  Sherman 
have  not  been  further  developed  and  reported  in  the  literature. 

In  this  chapter,  a  stochastic  approach  is  taken  to  the  DOA  estimation  for  two  un¬ 
resolved  targets.  The  Fisher  Information  Matrix  (FIM)  and  CRLBs  are  developed  for 
the  DOA  estimation  of  two  unresolved  Rayleigh  targets  using  a  standard  monopulse 
radar.  The  FIM  and  CRLBs  are  used  to  study  the  effects  of  beam  pointing  on  the 
DOA  estimation.  For  two  unresolved  Rayleigh  targets  as  considered  in  Section  4.2, 
the  mean  of  the  in-phase  monopulse  ratio  is  used  to  estimate  the  DOA  of  the  centroid 
of  the  two  targets,  while  the  variance  of  the  in-phase  and  quadrature  monopulse  ratios 
is  used  to  estimate  the  difference  of  the  DOAs  of  the  two  targets.  The  DOAs  of  both 
targets  can  be  computed  from  the  DOA  of  the  centroid  and  the  difference  of  the  two 
DOAs.  Expressions  for  estimating  the  variances  of  both  DOA  estimates  are  developed. 
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While  Sherman’s  approach  to  DOA  estimation  for  two  unresolved  targets  has  re¬ 
ceived  very  little  attention  since  its  publication,  his  approach  to  the  DOA  estimation 
for  a  target  in  the  presence  of  multipath  [1,4,42]  has  received  considerable  attention 
[5,45-47].  Sherman  proposed  the  use  of  the  complex  monopulse  ratio  from  a  single 
pulse  and  the  geometric  constraint  imposed  by  the  sea  surface  to  estimate  the  DOA  of 
the  target.  Peeblez  and  Goldman  [45]  compared  the  performance  of  Sherman’s  tech¬ 
nique  with  that  of  conventional  tracking  and  concluded  that  it  provides  significant 
reductions  in  the  errors,  even  when  knowledge  of  the  surface-reflection  coefficient  is 
imperfect.  Symonds  and  Smith  [46]  extended  Sherman’s  technique  to  multiple  fre¬ 
quencies  and  conducted  some  simulation  studies  to  assess  the  performance  of  the 
DOA  estimation.  The  results  of  their  simulation  studies  indicated  that  Sherman’s 
technique  provides  significant  improvement  in  conventional  tracking  over  smooth  sur¬ 
faces  (i.e.,  no  diffuse  reflections)  but  only  marginal  improvement  over  rough  surfaces. 
These  conclusions  of  Symonds  and  Smith  also  agree  with  the  conclusions  of  the  exper¬ 
iment  conducted  by  Howard  [47]  and  the  analysis  of  Barton  in  [5].  Again,  Sherman 
utilized  a  deterministic  formulation  of  the  problem  to  develop  his  DOA  estimation 
for  a  target  in  the  presence  of  multipath.  A  stochastic  approach  could  taken  to  the 
DOA  estimation  for  a  target  in  the  presence  of  sea-surface-induced  multipath.  The 
diffuse  reflections  are  included  explicitly  in  the  model  of  the  sum  and  difference  chan¬ 
nel  voltages  as  discussed  in  Section  2.6.  The  complex  monopulse  ratios  from  multiple 
pulses,  target  amplitude  estimate,  and  the  geometric  constraint  imposed  by  the  sea 
surface  could  be  used  to  estimate  the  DOA  of  the  target  and  A <j>.  The  variances  of 
the  monopulse  ratios  in  Section  4.7  could  also  be  utilized  to  develop  an  estimator  for 
the  variances  of  the  DOA  estimates. 

DOA  estimation  for  a  single  Rayleigh  target  and  real-correlation  in  the  receiver 
errors  is  considered  in  Section  5.1,  while  single-pulse  DOA  estimation  is  considered 
in  Section  5.2.  DOA  estimation  of  a  Rayleigh  target  in  the  presence  of  a  Gaussian 
jammer  is  considered  in  Section  5.3.  Since  the  jammer  signals  enter  into  all  the 
range  bins,  the  DOA  estimate  of  the  jammer,  which  is  estimated  with  the  monopulse 
measurements  that  do  not  include  the  target,  is  utilized  with  the  results  of  Section  4.2 
to  estimate  the  DOA  of  the  Rayleigh  target.  DOA  estimation  of  two  unresolved 
Rayleigh  targets  with  known  relative  RCS  is  developed  in  Section  5.4,  along  with  a 
strategy  for  pointing  the  antenna  boresight  when  two  targets  are  unresolved. 


107 


NSWCDD/TR-97/167 


5.1  Rayleigh  Target 

CRLBs  for  any  unbiased  estimator  of  the  DOA  for  Rayleigh  targets  are  developed 
using  the  amplitude-conditioned  PDF  of  the  complex  monopulse  ratio  developed  in 
Section  4.1.  While  only  the  in-phase  part  of  the  monopulse  ratio  is  typically  used 
to  estimate  the  DOA,  CRLBs  are  developed  for  DOA  estimators  that  utilize  the  in- 
phase  and/or  quadrature  parts  of  the  monopulse  ratio  in  order  to  illustrate  the  value 
of  the  quadrature  part  in  the  estimation  of  the  DOA.  Using  the  amplitude-conditioned 
PDF  of  the  complex  monopulse  ratio,  ML  and  MM  estimators  are  developed  for  the 
target  DOA,  and  the  estimates  are  used  to  form  estimates  of  the  variance  of  the  DOA 
estimate.  For  an  unknown  target  amplitude  parameter,  ML  and  MM  estimates  of  the 
DOA  are  computed  using  the  ML  estimate  of  the  target  amplitude  parameter  that  is 
computed  from  the  measured  amplitudes  of  the  sum  signal  as  discussed  in  Section  3.1. 
The  performances  of  these  estimators  are  compared  to  that  of  the  monopulse  ratio 
for  DOA  estimation,  which  does  not  require  knowledge  of  the  target  amplitude.  The 
MM  estimate  of  the  DOA  and  the  ML  estimate  of  the  target  amplitude  are  used  to 
form  an  estimate  of  the  variance  of  the  DOA  estimate.  Using  simulation  results,  the 
performances  of  the  ML  and  MM  estimators  are  compared  with  that  of  the  monopulse 
ratio,  and  the  performances  of  the  variance  estimators  are  studied. 


Cramer-Rao  Lower  Bounds  (CRLBs)  for  DOA  Estimates 

Since  the  CRLB  gives  the  lower  bound  for  the  variance  of  any  unbiased  estimate, 
the  performances  of  the  ML  and  MM  estimators  of  the  DOA  will  be  compared  to  the 
CRLB  to  assess  the  potential  for  alternate  estimators  that  are  better.  Furthermore, 
the  value  of  the  quadrature  monopulse  ratio  to  the  DOA  estimation  is  assessed  by 
comparing  the  CRLBs  for  estimators  that  utilize  either  the  in-phase  or  quadrature 
monopulse  ratio  or  both  ratios. 

The  CRLB  [11,  p.  66]  associated  with  ij\  based  on  N  observations  of  yj  and  yQ 
is  given  by 


Jyi,yc}(Vi\N,  {9?0fc}*Li5  ^ R ) 


N 

-E* 


foil 


$ok,  Vr 


-1 


(5.1) 


where  is  the  observed  SNR  of  (2.23)  for  pulse  k,  and  yIk  and  yQk  are  the  in-phase 
and  quadrature  monopulse  ratios  for  pulse  k,  respectively.  Using  (4.42)  in  (5.1)  gives 
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where  p  is  given  by  (4.45).  Using  the  marginal  PDF  of  yjk  from  (4.43)  in  (5.1)  gives 
the  CRLB  associated  with  tji  based  on  N  observations  of  yj  only  as 

l 

(5.3) 

Comparing  (5.2)  and  (5.3)  shows  that  the  use  of  yj  and  yq  gives  a  smaller  CRLB  for 
i)i  than  the  use  of  only  yj,  when  rji  ^  pcr^s-  Therefore,  yq  provides  some  information 
concerning  the  value  of  r}\.  Using  the  marginal  PDF  of  yq^  from  (4.44)  in  (5.1)  gives 
the  CRLB  associated  with  fji  based  on  N  observations  of  yq  only  as 
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Comparing  (5.2)  with  (5.3)  and  examining  (5.4)  indicates  that  yq  provides  essentially 
no  information  concerning  the  value  of  rji  when  7/1  «  pcrja^1.  Therefore,  for  p  —  0 
and  a  target  near  the  center  of  the  beam  (i.e.,  rft  «  0),  the  observations  of  yq  provide 
essentially  no  information  toward  the  estimation  of  rft.  Thus,  the  typical  practice  of 
ignoring  the  observations  of  yq  makes  perfect  sense  when  the  antenna  boresight  is 
maintained  near  the  target.  However,  the  observations  of  yq  should  be  considered 
when  off-boresight  (i.e.,  r/i  96  pcrd&d)  measurements  occur  rather  often,  as  in  phased 
array  radar  tracking  many  targets  or  off-boresight  tracking. 

Unconditional  CRLBs  that  were  developed  from  f(yi,yq\^R)  are  given  in  Ap¬ 
pendix  B.  Unconditional  CRLBs  were  also  developed  from  /(A,  yj,  j/qI’H.r),  and  those 
unconditional  CRLBs  are  given  by  setting  Yjy  =  £[1^1^#]  =  3£ri  +  1  in  (5.2)  through 
(5.4).  The  conditional  CRLBs  are  shown  in  Appendix  B  to  be  less  than  the  uncondi¬ 
tional  CRLBs  for  >  3  dB.  Thus,  DO  A  estimators  utilizing  monopulse  processing 
should  be  developed  from  the  conditional  PDF  or  the  conditional  statistics. 


Estimation  of  DOA  and  Variances 

The  development  of  the  ML  estimator  will  be  followed  by  the  development  of  the 
MM  estimator  and  the  estimators  of  the  variances.  The  ML  estimator  of  a  parameter 
maximizes  the  likelihood  function  for  a  given  set  of  observations  of  random  variables. 
Any  estimate  that  satisfies  the  CRLB  with  equality  is  called  an  efficient  estimate, 
and  if  an  efficient  estimate  exists,  it  is  given  by  the  unique  solution  to  the  likelihood 
function  [11,  p.  65]. 

The  ML  estimate  of  rji  is  given  by 

N 

Vmi  =  argmax  TT  f(yIk,  yqk\Kk,  ^r) 


(5.5) 
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Taking  the  derivative  of  (5.5),  the  extrema  and  reflection  points  are  given  by  fj  satis¬ 
fying 


Vml  +  a2 Vml  +  al  Vml  +  <*0  =  0  (5.6) 


where 
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(5.12) 


Since  (5.6)  does  not  have  a  unique  solution,  an  efficient  estimator  of  r/i  does  not  exist 
for  finite  values  of  N.  One  of  the  f)  that  satisfies  (5.6)  is  the  ML  estimate  r\mli  which 
can  be  computed  using  Newton’s  method  with  yj  of  (4.46)  as  the  initial  value,  or 
using  a  root-finding  algorithm  and  selecting  the  root  closest  to  yj.  As  an  alternative 
to  solving  the  cubic  expression  in  (5.6),  (5.5)  can  be  maximized  numerically.  Also,  if 
V  is  sufficiently  small  so  that  rf  and  a^rj2  can  be  ignored,  then  fjmj  «  —Goa]-1,  which 
corresponds  to  the  monopulse  ratio  if  the  SNR  is  sufficiently  high  so  that  1  j  &  1 . 

When  the  target  amplitude  parameter  9?/ji  is  not  known,  as  is  the  case  in  most 
radar  tracking  problems,  9£#i  in  (5.5)  can  be  replaced  by  its  ML  estimate  9£ri,  given 
by  (3.32),  to  form  a  generalized  likelihood  function.  Then,  f)ml  that  satisfies  (5.5)  with 

/S 

®R1  =  $Ri  (5.7),  (5.8),  and  (5.12)  will  be  referred  to  as  f)gmh  the  GML  estimate 
of  7)\ .  However,  the  use  of  small  values  for  T m  for  small  N  may  not  be  realistic  since 
target  detection  will  be  required  before  monopulse  processing  is  used.  Thus,  the  GML 
estimate  is  given  by 


Vgml  =  Vml  for  $Ri  =  &R1  >  (5.13) 

where  is  the  SNR  detection  threshold.  Thus,  if  N?R.ri  <  9?^,  a  monopulse  ratio 
is  not  formed  and  used  for  DOA  estimation.  Note  that  the  use  of  $R1  =  &R1  will 


110 


NSWCDD/TR-97/167 

increase  the  RMS  error  in  the  DOA  estimate,  and  later  in  this  section,  simulation 
results  show  that  for  certain  DOAs  and  SNRs  the  monopulse  ratio  should  be  used 
as  the  DOA  estimate  rather  than  the  GML  estimate.  Since  no  analytical  expression 
is  available  for  fjmi,  the  computation  of  variance  of  the  f)mi  is  not  considered  in  this 
section. 

MM  estimation  is  accomplished  for  K  parameters  by  setting  the  first  K  sample 
moments  to  the  actual  moments,  which  are  functions  of  the  parameters  of  interest, 
and  solving  for  the  parameter  estimates.  Noting  that  the  observations  yjk  are  not 
stationary  and  that  by  using  yj ,  the  ML  estimate  of  the  conditional  mean  of  yj,  of 
(4.46)  to  estimate  t/j  gives 


Vmm  — 
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(5.14) 


which  is  an  unbiased  estimate  of  the  DOA  when  3?£i  is  known.  When  the  target 
amplitude  parameter  is  not  known,  3?£i  in  (5.14)  can  be  replaced  by  its  ML 

/S  Z'' 

estimate  .  However,  the  use  of  small  values  for  3?#i  in  (5.14)  can  introduce  large 
errors.  Thus,  the  GMM  estimate,  as  it  will  be  referred  to  in  this  report,  is  given  by 
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(5.15) 


where  3?^  is  the  SNR  detection  threshold  as  discussed  above.  The  use  of  an  estimate 
for  3?#i  will  increase  the  RMS  error  in  the  DOA  estimate,  and  later  in  this  section, 
simulation  results  show,  for  certain  DOAs  and  SNRs,  that  the  monopulse  ratio  or  the 
GML  estimate  should  be  used  as  the  DOA  estimate  rather  than  the  GMM  estimate. 

Using  (4.43),  (4.48),  and  (5.14)  gives  the  variance  of  the  MM  estimate  as 
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When  using  the  DOA  estimates  developed  above  or  the  monopulse  ratio  for  track¬ 
ing  targets  with  a  monopulse  radar,  an  estimate  of  the  variance  of  each  DOA  estimate 
is  required  for  the  Kalman  filter.  Using  an  estimate  of  the  conditional  mean  of  yj 
in  (4.45)  to  reduce  the  dependency  of  p  on  and  form  an  estimate  of  p  gives  an 
estimate  of  the  variance  of  the  in-phase  monopulse  ratio  as 
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When  the  target  amplitude  is  known,  the  variance  of  the  monopulse  ratios  can  be 
estimated  by  using  the  ML  or  MM  estimate  for  r?i  in  (5.18).  When  the  target  am¬ 
plitude  is  unknown,  the  variance  of  the  monopulse  ratios  can  be  estimated  by  using 
the  monopulse  ratio,  the  GML  estimate,  or  the  GMM  estimate  for  rji.  Using  the  re¬ 
sulting  p,  an  estimate  of  agn,  the  variance  of  the  monopulse  ratios  of  pulse  k ,  can  be 
computed  using  the  N  pulses  according  to 
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(5.19) 


Using  (5.16)  and  (5.18)  gives  an  estimate  of  the  variance  of  rjmm  as 
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where  rj\  =  fjmm  in  p.  When  the  target  amplitude  is  unknown,  the  variance  of  fjgrnm 
can  be  estimated  by  using  rfr  =  f]gmm  and  =  9?#  in  p  and  setting  a  minimum 
value  for  the  estimated  SNR  as  in  (5.15). 

Since  no  analytical  expression  is  available  for  fjmi,  no  estimator  is  developed  for 
the  variance  of  the  estimate.  However,  considering  the  CRLB  of  (5.2)  indicates  that 
(5.20)  may  provide  a  good  estimate  of  the  variance  associated  with  rjmi  by  using 
Vl  =  Vml  in  p  when  the  target  amplitude  is  known  or  fji  =  fjgmi  in  p  when  the  target 
amplitude  is  unknown.  The  performance  of  the  variance  estimators  developed  in  this 
section  will  be  considered  next  through  simulation  studies. 


Simulation  Results 

The  results  of  Monte  Carlo  simulation  studies  are  presented  to  give  insight  into 
the  relative  performances  of  the  estimators.  Each  result  is  the  average  from  20,000 
experiments  with  averaging  over  the  conditioning  random  variable  A  (i.e.,  A  is  random 
between  experiments).  When  a  threshold  test  is  applied  to  the  estimated  SNR,  as  in 
the  GML  and  GMM  estimators,  the  results  are  the  average  from  20,000  experiments 
with  the  estimated  SNR  exceeding  the  threshold.  Since  A  is  random,  the  DOA 
estimation  errors  were  normalized  by  the  corresponding  conditional  CRLB  prior  to 
computing  the  sample  standard  deviations.  Similarly,  the  variance  estimators  were 
studied  by  normalizing  each  error  in  the  DOA  estimate  by  the  standard  deviation 
estimate  for  that  pulse  and  then  computing  the  sample  statistics.  The  performances 
of  the  monopulse  ratio,  ML  estimator,  and  MM  estimator  of  the  DOA  are  compared 
for  the  cases  of  known  and  unknown  target  amplitude,  and  the  performances  of  the 
variance  estimators  are  then  compared. 
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DIRECTION-OF-ARRIVAL  (DOA) 

Figure  5.1  Sample  Average  Error  for  Known  Target  Amplitude  with  N  =  2  and  4, 
p  =  0,  and  =  10  dB 


DIRECTION-OF-ARRIVAL  (DOA) 


Figure  5.2  Sample  Standard  Deviation  of  CRLB  Normalized  Error  for  Known  Target 
Amplitude  with  N  =  2  and  4,  p  =  0,  and  i  =  10  dB 
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Figure  5.3  RMS  Error  for  Known  Target  Amplitude  with  N  =  2  and  4,  p  =  0,  and 
%R1  =  10  dB 

Monte  Carlo  simulations  with  20,000  experiments  were  conducted  for  N  =  2 
and  4,  =  10  dB,  and  p  =  0  to  compare  the  performances  of  the  ML  and  MM 

estimators  and  the  monopulse  ratio.  Figure  5.1  shows  the  sample  average  errors  in 
the  DOA  estimates,  while  Figure  5.2  shows  the  sample  standard  deviations  of  the 
errors  normalized  by  the  CRLBs  of  (5.2).  Figure  5.1  shows  that,  as  expected,  the 
monopulse  ratio  and  ML  estimate  are  biased  estimators  of  rn ,  while  the  MM  estimate 
is  unbiased.  Furthermore,  the  bias  of  the  monopulse  ratio  is  independent  of  N,  as 
indicated  by  (4.43),  while  the  bias  in  the  ML  estimate  decreases  with  increases  in  N, 
as  expected  due  to  the  consistency  of  ML  estimates.  However,  Figure  5.2  shows  that 
the  monopulse  ratio  provides  a  smaller  variance  relative  to  the  CRLB  than  either 
the  ML  estimator  or  MM  estimator  for  (771 1  <  1.0  and  =  10.  Note  that  since 
the  monopulse  ratio  and  ML  estimators  are  biased,  the  variance  of  the  estimates 
can  be  less  than  the  CRLB  as  shown  in  Figure  5.2.  Figure  5.2  also  indicates  that  the 
variance  of  the  ML  estimate  approaches  the  CRLB  with  increases  in  N  as  required  by 
the  asymptotically  efficient  property  of  ML  estimates.  Figure  5.3  shows  that  the  RMS 
error  for  the  ML  estimator  is  about  10  percent  less  than  that  for  the  MM  estimator. 
Figure  5.3  also  shows  for  the  cases  considered  that  the  is  superior  to  using  the 


114 


NSWCDD/TR-97/167 


-2  -1.5  -1  -0.5  0  0.5  1  1.5  2 


DIRECTION-OF-ARRIVAL  (DOA) 

Figure  5.6  Sample  Average  Error  for  Unknown  Target  Amplitude  with  N  =  2  and  4, 
p  =  0,  and  =  10  dB 

monopulse  ratio,  except  for  A^  =  4  and  |t/i|  <  0.5.  The  interval  of  ifa  for  which  the 
monopulse  ratio  is  superior  to  r}m\  decreases  as  N  increases,  because  the  bias  in  the 
monopulse  ratio  becomes  a  larger  percent  of  the  RMS  error  as  N  increases. 

Another  simulation  was  conducted  for  p  =  0.3,  and  the  results  are  shown  in 
Figures  5.4  and  5.5.  The  results  in  Figure  5.4  are  similar  to  those  of  Figure  5.2  with 
two  notable  differences.  The  minimum  of  the  sample  standard  deviations  are  shifted 
from  t]  —  0  in  Figure  5.2  to  rj  =  0.3  in  Figure  5.4,  and  the  DOA  estimates  for  p  —  0.3 
are  slightly  less  efficient  than  the  DOA  estimates  for  p  —  0.  However,  Figure  5.5  shows 
that  the  RMS  errors  in  the  DOA  estimates  for  p  =  0.3  do  achieve  an  overall  lower 
value  than  the  RMS  errors  in  the  DOA  estimates  for  p  =  0.  Figure  5.4  also  shows 
that  the  RMS  errors  in  the  DOA  estimates  are  equal  for  p  —  0  and  0.3  at  r\  —  0. 

Figure  5.6  shows  the  sample  average  error  in  the  DOA  estimates  for  an  unknown 
target  amplitude,  while  Figure  5.7  shows  the  RMS  error  for  N  =  2  and  4,  = 

10  dB,  =  13  dB  in  (5.13)  and  (5.15),  and  p  =  0.  Figure  5.6  shows  that  the 
monopulse  ratio,  GML  estimates,  and  GMM  estimates  are  biased  estimators  of  rft 
when  the  target  amplitude  is  unknown.  Furthermore,  the  bias  of  the  monopulse  ratio 
is  independent  of  N  as  indicated  by  (4.43),  while  the  biases  in  the  GML  estimates  and 
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GMM  estimates  decrease  as  N  increases.  Figure  5.7  shows  that  the  RMS  error  for 
the  monopulse  ratio  is  less  than  the  RMS  error  of  the  GML  estimator  for  |t?i  |  <  0.5 
and  the  RMS  error  of  the  GMM  estimator  for  \r)i\  <  0.7.  However,  for  [?7il  >  1  the 
RMS  error  in  the  monopulse  ratio  is  much  larger  than  that  of  the  GML  estimates  or 
GMM  estimates.  Note  that  Figure  5.7  indicates  that  the  bias  in  the  monopulse  ratio 
estimate  is  about  50  percent  of  the  total  RMS  error  for  a  10-dB  target.  Also,  note 
that  the  restrictions  placed  on  by  (5.13)  and  (5.15)  resulted  in  the  RMS  errors  for 
N  =  2  in  Figure  5.7  being  similar  to  the  RMS  errors  for  N  =  4  in  Figure  5.3.  Since 
the  threshold  test  of  9?  in  (5.13)  and  (5.15)  removed  less  informative  measurements 
(i.e.,  measurements  with  the  large  variances)  from  consideration,  the  RMS  errors  in 
Figure  5.7  are  less  than  those  in  Figure  5.3.  In  an  actual  scenario,  the  threshold  test 
reduces  the  number  of  usable  pulses  (or  sets  of  pulses)  which,  in  effect,  increases  the 
variance  of  the  estimator. 

DOA  estimation  was  also  considered  for  a  7-dB  Gaussian  noise  jammer,  and 
the  results  are  shown  in  Figure  5.8.  The  monopulse  measurements  of  the  jammer 
are  made  with  a  track  gate  containing  16  range  bins.  Each  range  bin  provides  a 
monopulse  measurement,  and  the  amplitude  of  the  jammer  is  Rayleigh.  Figure  5.8 
shows  that  for  a  7-dB  jammer,  the  monopulse  ratio  provides  less  RMS  error  than  the 
GML  estimate  or  GMM  estimate  for  |f/i|  <  0.4.  Thus,  as  decreases,  the  range  of 
7/1  for  which  the  monopulse  ratio  provides  better  estimates  than  the  GML  estimator 
or  GMM  estimator  also  decreases.  Therefore,  the  GML  estimator  or  GMM  estimator 
should  be  considered  for  DOA  estimation  of  low  SNR  targets  when  many  pulses  are 
available  for  processing. 

Simulation  studies  were  conducted  for  various  values  of  N  and  9^i  to  identify 
the  DO  As  at  which  the  RMS  error  in  the  monopulse  ratio  estimate  exceeds  that  of 
the  GML  estimate,  and  these  critical  DOAs  (i.e.,  for  DOAs  greater  than  the  critical 
DOA,  the  GML  estimate  should  be  used  rather  than  the  monopulse  ratio)  are  shown 
graphically  in  Figure  5.9.  For  example,  Figure  5.9  shows  that  for  SR.th  —  13  dB, 
=  10  dB,  N  =  4,  and  |7/i|  >  0.6,  the  GML  estimator  should  be  used  rather  than 
the  monopulse  ratio.  Due  to  the  low  probability  of  processing  for  =  13  dB,  no 
results  were  compiled  for  N  =  2  and  3?#i  <  10  dB.  Also,  for  N  =  8  and  |?/i|  >  0.5, 
the  GML  estimate  should  be  used  rather  than  the  monopulse  ratio,  and  for  N  =  16 
and  |t/x|  >  0.3,  the  GML  estimate  should  be  used  rather  than  the  monopulse  ratio. 
Similar  results  were  obtained  for  the  GMM  estimator,  and  the  critical  DOAs  for  the 
GMM  estimator  were  found  to  be  0.1  to  0.2  greater  than  that  for  the  GML  estimator 
for  N  =  2,  4,  and  8.  For  N  =  16,  the  critical  DOA  for  the  GMM  estimator  was  also 
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Figure  5.7  RMS  Error  in  DOA  Estimate  for  Unknown  Target  Amplitude  with  N  =  2 
and  4,  p  =  0,  and  =  10  dB 


DIRECTION-OF-ARRIVAL  (DOA) 


Figure  5.8  RMS  Error  in  DOA  Estimate  for  $Rl  =7-dB  Jammer  with  N  =  16  Range 
Cells  and  p  =  0 
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Figure  5.9  Critical  DOAs  for  Use  of  the  GML  Estimator  Rather  Than  the  Monopulse 
Ratio  with  p  =  0 

0.3.  The  effects  of  decreasing  to  10  dB  were  to  increase  the  critical  DOAs  by  0.1 
to  0.2  for  N  =  2  and  4,  while  leaving  the  critical  DOAs  for  N  =  8  and  16  unchanged. 

The  performance  of  the  estimators  for  the  variance  for  the  monopulse  ratios  was 
analyzed  through  simulation  studies.  Estimates  of  the  variance  of  the  monopulse 
ratios  were  generated  with  (5.17)  by  using  yj,  figmi,  and  f]gmm  for  fji  in  (5.18)  along 
with  and  p  =  0.  The  sample  standard  deviation  of  each  estimate  of  the 

mean  of  the  monopulse  ratio  normalized  by  the  estimate  of  its  standard  deviation 
was  computed  using  each  DOA  estimate,  and  the  results  are  given  in  Figure  5.10  for 
5Ri2l  =  10  dB  and  p  =  0.  The  variance  estimates  are  notably  low  for  |7/i|  >  1.0  as 
shown  by  Figure  5.10.  The  variance  estimators  that  used  fft  =  i)grni  or  rjgmm  provided 
slightly  better  results  for  |?/i|  >  0.5  than  the  variance  estimator  that  used  fj\  =  yj. 
For  |?7i|  <  1.0,  all  of  the  estimators  provide  standard  deviations  that  are  in  error  by 
less  than  10  percent. 

The  performance  of  the  estimators  for  the  variance  for  the  DOA  estimates  was 
also  analyzed  through  simulation  studies.  Estimates  of  the  variance  were  generated 
with  (5.20)  for  the  GML  estimates  and  GMM  estimates  by  using  i)grni  and 
respectively,  for  fji  in  (5.18)  along  with  and  p  —  0.  Estimates  of  the 
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variance  for  the  monopulse  ratio  as  the  DOA  estimate  were  generated  with  (5.17) 
by  using  yj  for  fj  in  (5.18)  along  with  9?# j  =  and  p  —  0.  The  error  in  each 
DOA  estimate  was  normalized  by  the  estimate  of  its  standard  deviation,  and  the 
RMS  values  of  these  normalized  errors  are  given  in  Figure  5.11  for  9^  =  10  dB  and 
p  =  0.  Figure  5.11  shows  that  the  variance  estimates  are  notably  small  for  |  >  1.0. 
The  variance  estimators  that  used  fj i  =  fjgmi  or  fjgrnm  provided  significantly  better 
estimates  for  |r/i|  >  0.5  than  the  variance  estimator  that  used  fj\  =  yj.  Figure  5.11  also 
indicates  that  the  use  of  the  monopulse  ratio  as  the  DOA  estimate  and  the  variance 
of  the  monopulse  ratio  as  the  variance  of  the  DOA  estimate  will  result  in  significant 
error  (i.e.,  standard  deviations  of  the  DOA  estimate  that  are  in  error  by  more  than 
20  percent  )  for  |?/i|  >  1. 

Concluding  Remarks 

CRLBs  were  computed  for  unbiased  estimators  of  the  DOA  that  utilize  either  the 
in-phase  monopulse  ratio,  the  quadrature  monopulse  ratio,  or  both,  and  the  results 
showed  that  the  quadrature  ratio  provides  information  for  estimating  the  DOA  when 
the  DOA  is  not  equal  to  zero  for  independent  receiver  errors  (i.e.,  p  =  0).  ML 
estimator  and  MM  estimator  of  the  DOA  were  developed  for  a  single  Rayleigh  target, 
and  the  performances  of  these  estimators  were  compared  through  simulation  results  to 
that  of  the  in-phase  monopulse  ratio  as  the  DOA  estimate.  For  a  target  with  a  known 
amplitude  parameter,  the  ML  estimates  were  shown  to  be  the  solution  of  a  cubic 
equation,  while  the  MM  estimates  were  shown  to  be  a  bias-compensated  version  of 
the  in-phase  monopulse  ratio.  While  the  MM  estimate  provides  an  unbiased  estimate 
of  the  DOA,  the  ML  estimator  was  found  to  provide  estimates  with  smaller  RMS  error 
than  those  of  the  MM  estimator.  For  four  or  more  independent  samples  or  pulses  and 
small  DOAs,  the  monopulse  ratio  was  found  to  provide  the  DOA  estimate  with  the 
smallest  RMS  error.  For  targets  with  an  unknown  amplitude,  the  ML  estimate  of  the 
amplitude  parameter  was  used  in  the  ML  estimator  and  MM  estimator  to  form  the 
GML  and  GMM  estimators,  respectively.  While  the  GMM  estimators  provide  DOA 
estimates  with  less  bias  than  the  GML  estimator,  the  GML  estimator  was  found  to 
provide  estimates  with  a  smaller  RMS  errors  than  the  GMM  estimator.  However, 
for  small  DOAs,  the  monopulse  ratio  was  found  to  provide  DOA  estimates  with  the 
smallest  RMS  error.  Simulation  studies  for  various  sample  sizes  and  SNRs  identified 
the  DOAs  at  which  the  RMS  errors  in  the  monopulse  ratio  estimates  exceed  that  of 
the  GML  estimates.  For  example,  the  GML  estimate  should  be  used  as  the  DOA 
estimate  rather  than  monopulse  ratio  for  N  =  8  and  |  >  0.5,  and  for  N  =  16  and 
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Figure  5.10  Sample  Standard  Deviation  of  Monopulse  Ratio  Normalized  with  the 
Standard  Deviation  Estimate  and  fji  =  yi,fjgmi,  or  figmm  in  p  with  =  10  dB  and 
P  =  o 


Figure  5.11  RMS  of  the  DOA  Estimation  Errors  Normalized  with  the  Variance  Esti¬ 
mate  and  fii=yi,  rjgmu  or  ygmm  in  p  with  =  10  dB  and  p  =  0 
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I */i  I  >  0.3,  the  GML  estimate  should  be  used  rather  than  the  monopulse  ratio. 

Estimators  of  the  variances  of  the  monopulse  ratio  and  the  DOA  estimates  were 
also  developed,  and  the  results  of  simulation  studies  of  the  performance  of  the  estima¬ 
tors  were  given.  While  the  results  show  that  variance  estimators  for  the  monopulse 
ratio  using  r}gmi  and  r}gmm  provide  slightly  better  estimates  of  the  variance  at  DOAs 
greater  than  0.5,  all  of  the  variance  estimators  for  the  monopulse  ratio  were  in  error 
by  more  than  5  percent  for  DOAs  greater  than  1.0.  The  results  also  showed  that 
the  variance  estimators  for  the  DOA  estimate  using  r)gml  and  rjgmm  provided  signifi¬ 
cantly  better  estimates  of  the  variance  at  DOAs  greater  than  0.5,  and  the  use  of  the 
monopulse  ratio  as  the  DOA  estimate  and  the  variance  of  the  monopulse  ratio  as  the 
variance  of  the  DOA  estimate  could  be  problematic  for  \yi  \  >  1. 

5.2  Single-Pulse  DOA  Estimation 

Since  the  RCS  of  targets  and  propagation  factors  can  change  between  scans  or 
revisits  to  a  target,  the  target  amplitude  is  usually  treated  as  an  unknown  between 
revisits,  while  it  may  be  treated  as  fixed  during  the  dwell  period  as  for  a  fixed- 
amplitude  target.  In  this  section,  the  cases  of  both  known  and  unknown  target 
amplitudes  are  considered.  Since  small  displacements  of  the  target  generate  ambiguity 
in  the  phase,  the  phase  is  assumed  unknown  and  uniformly  distributed  on  (— 7r,7r]. 

Using  the  results  of  Section  4.3,  the  PDF  of  the  in-phase  and  quadrature  parts  of 
the  monopulse  ratio  for  a  fixed-amplitude  target  are  given  prior  to  integration  with 
respect  to  the  measured  phase  ip  as 


fiVl^Q^lfa^F^F)  = 


A^ 


exp 


A2  \(  aiT)1  a  a\\2 
~  ^2  [{VI  ~  — 1 cos(0  -  fa)) 


+ 


(l IQ  ~  ppsin (ip  - 


(5.21) 


Since  (4.71)  indicates  that  the  location  of  the  PDF  of  yq  is  independent  of  tji,  a  single 
observation  of  yq  provides  essentially  no  information  concerning  the  value  of  rft.  Note 
that  while  the  variance  of  yq  depends  on  rji ,  single  sample  estimation  of  the  variance 
is  not  considered  viable.  Noting  that  the  ML  value  of  yq  is  zero  and  using  yq  =  0 
in  (5.21)  gives  ip  —  <p\  =  0.  Thus,  under  this  assumption, the  ML  estimate  of  r}\  for  a 
known  target  amplitude  ot\  is  given  by 


(5.22) 
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where  is  given  by  (3.13),  and  is  the  observed  SNR  given  by  (3.11).  Note 
that  (5.22)  is  similar  to  the  results  for  known  amplitude  and  phase  in  [40],  where  the 
case  of  known  amplitude  and  unknown  phase  is  not  considered.  Then  (4.70)  indicates 
that  (5.22)  gives  a  biased  estimate  of  rj\.  While  an  unbiased  estimate  of  i)\  can  be 
computed  with  (4.70),  the  estimate  will  not  be  ML.  Using  77 j  of  (5.22)  in  (4.72)  and 
(4.73)  gives  an  estimate  of  the  variance  of  t/j  and  yq  as 

*91  =  $  + VI  1  “  Ji|o(«iA*s2)  "  ^7i|o(QiA^52)l 


+  2j/|5?0  1  —  7 


CFi’Jto)  ~ 


2 


^)  =  2i:[l+ 


Using  (5.22)  and  (5.23)  gives  an  estimate  of  the  variance  of  7)1  as 


—a2 

a\  VI 


uFlayi 


(5.23) 


(5.24) 


(5.25) 


When  the  target  amplitude  is  unknown  to  the  signal  processor,  an  ML  estimate 
of  the  target  amplitude  will  be  used  along  with  the  monopulse  ratios  to  estimate  the 
DOA.  Since  the  target  amplitude  is  observed  through  the  sum  signal,  the  estimation 
of  the  target  amplitude  will  be  decoupled  from  the  monopulse  processing.  Given  an 
observation  of  the  sum-signal  amplitude  A  and  (3.54),  the  ML  estimate  Ai  of  the 
target  amplitude  satisfies 

=  7a|0(&,ACTJ2)  (5.26) 

Note  that  A  is  a  biased  estimate  or  observation  of  ai  for  low  and  moderate  observed 
SNRs  3?0.  An  approximation  of  the  ML  estimate  is  given  by 

c*i  A  r  A2  i  „  , 


ai_  A  r  A" 

o\s  crs  La2  +  0% 


for  3?0  >  3  dB 


(5.27) 


where  the  maximum  percent  of  error  in  the  approximation  was  found  numerically  to 
be  5  percent  at  =  3  dB.  Note  that  as  is  included  on  both  sides  of  the  equation  to 
emphasize  that  the  approximation  is  about  scaled  values  of  a\  and  A.  The  limitation 
of  3?0  >  3  dB  is  not  a  particular  problem  since  the  detection  threshold  is  often  greater 
than  3  dB,  and  a  single  observation  with  a  smaller  amplitude  provides  essentially  no 
error  reduction  relative  to  the  beamwidth  of  the  sum  pattern.  Thus,  using  eti  for  c*i 
in  (5.22)  gives  an  approximately  ML  estimate  of  rji  for  a  monopulse  measurement  of 
target  with  amplitude  unknown  as 


m=  1  +  if  vi  =  1  +  7^5-  yi  for  >  3  dB 


(5.28) 
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This  estimate  differs  from  the  results  of  [40],  where  the  monopulse  ratio  is  given  as 
the  ML  estimate  for  a  high  SNR.  While  (5.28)  provides  a  biased  estimate  of  r/j,  the 
bias  will  be  less  than  that  provided  by  the  standard  monopulse  ratio.  An  estimate 
with  less  bias  can  be  computed  by  using  (5.26)  and  (5.27)  in  (4.70),  but  the  estimate 
will  not  be  ML.  Under  the  ML  conditions  of  (5.26) 

cr4  a2 

2F  «  1  -  Ji|o(«iA*s2)  -  ^/i|0(<*iAo-52)  (5.29) 

Using  (5.29)  in  (5.23)  and  (5.26)  in  (5.24)  with  c*i  =  dj  gives  an  estimate  of  the 
variance  of  yi  and  yq  as 
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(5.30) 

(5.31) 


While  (5.31)  is  similar  to  (2.49),  (5.30)  differs  significantly  from  (2.49),  which  is 
commonly  reported  in  the  literature  as  the  variance  of  monopulse  ratio. 

A  Monte  Carlo  simulation  of  5,000  experiments  was  conducted  for  various  values 
of  and  r/j  to  assess  the  validity  of  (5.30)  and  (5.31)  for  estimating  the  variances 
of  the  corresponding  monopulse  ratios.  For  each  experiment,  the  measured  amplitude 
was  restricted  so  that  3f0  >  3  dB  and  oj  =  cr2. ,  and  y j  and  yq  were  normalized  by 
the  corresponding  standard  deviation  of  (5.30)  or  (5.31)  before  computing  the  sample 
standard  deviation.  The  results  of  the  simulation  study  for  yj  are  summarized  in 
Figure  5.12,  where  the  dash  lines  correspond  to  (5.30),  and  the  solid  line  corresponds 
to  the  variance  calculation  of  (2.49)  with  3?  =  3i0  and  rj  =  yj.  Thus,  the  variance 
estimates  of  (5.30)  appear  valid  for  3  <  3^  <  12  dB  and  <  2,  while  the  variance 
estimates  for  3^1  >  15  dB  are  valid  for  [7/1 1  <  3.  Note  that  the  variance  estimates 
produced  with  (2.49)  are  valid  for  3?fi  >  12  dB  and  <  0.25.  The  results  for  yq 
are  given  in  Figure  5.13  and  indicate  that  (5.31)  is  valid  for  3  <  3 lFl  <  9  dB  and 
|*?i|  <  1,  and  3?^!  >  12  dB  and  toil  <  3. 

Using  (5.28)  and  (5.30)  gives  an  estimate  of  the  variance  of  fj\  as 
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Figure  5.12  Simulation  Results  of  Consistency  Study  of  Variance  Estimate  for  the 
In-Phase  Monopulse  Ratio 


Figure  5.13  Simulation  Results  of  Consistency  Study  of  Variance  Estimate  for  the 
Quadrature  Monopulse  Ratio 
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Single-pulse  ML  estimators  for  the  DOA  were  presented  for  the  cases  of  known 
and  unknown  target  amplitudes.  The  single-pulse  DOA  estimator  for  a  target  with 
unknown  amplitude  is  important  because  it  characterizes  any  given  monopulse  mea¬ 
surement  without  assumptions  regarding  the  distribution  of  the  target  amplitude. 
While  the  approximate  ML  estimators  are  biased  for  low  to  moderate  SNRs,  the  bias 
of  the  DOA  estimate  is  less  than  that  provided  by  the  monopulse  ratio  alone.  An 
unbiased  DOA  estimator  could  be  developed  with  (4.70),  (5.26),  and  (5.27).  Simu¬ 
lation  results  indicate  that  the  variance  estimator  developed  in  this  section  for  the 
in-phase  part  of  the  monopulse  measurement  of  a  target  with  unknown  amplitude 
is  much  closer  to  being  consistent  than  (2.49),  which  is  commonly  presented  in  the 
literature. 


5.3  Rayleigh  Target  in  the  Presence  of  a  Gaussian  Jammer 

Since  jammer  signals  enter  into  all  the  range  bins,  the  DOA  estimate  of  the  jam¬ 
mer  and  the  amplitude  of  the  jammer  signal  can  be  estimated  with  the  monopulse 
measurements  that  do  not  include  the  target.  The  DOA  of  the  jammer  can  be  esti¬ 
mated  as  discussed  in  Section  5.1  for  a  Rayleigh  target.  The  variance  of  the  DOA 
estimate  for  the  jammer  is  also  estimated  as  discussed  in  Section  5.1.  These  estimates 
of  the  DOA  and  the  amplitude  of  the  jammer  are  used  in  conjunction  with  the  results 
of  Section  4.2  to  develop  an  MM  approach  to  the  DOA  estimation  for  the  target. 

/S 

Let  and  yj  be  estimates  of  the  amplitude  and  DOA  of  the  jammer,  and  let 
o\j  be  the  estimated  variance  of  fjj.  Also,  let  p  =  0.  Using  (3.16)  and  (3.32)  gives  an 
estimate  of  for  N  subpulses  that  include  both  the  target  and  jammer  echoes  as 

—Yff  —  l  —  dtj  (5.33) 


Setting  the  estimate  of  the  conditional  mean  yj  in  (4.46)  equal  to  the  mean  of  (4.53) 
and  using  (5.33)  in  the  result  gives  an  estimate  of  rji  as 


Vi  = 


Yn 


Yn  -  1  -  Uj 


yi  - 


Yn-1-$j 


nj 


(5.34) 


Assuming  that  the  errors  in  yj  and  rjj  are  uncorrelated,  ignoring  the  variance  of  9?j, 
and  using  (4.55)  and  (4.56)  gives  an  estimate  of  the  variance  of  fft  as 
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Thus,  when  tracking  a  Rayleigh  target  in  the  presence  of  a  Gaussian  noise  jammer, 

(5.33)  gives  an  estimate  of  the  target  amplitude  in  the  presence  of  the  jammer,  and 

(5.34)  gives  an  estimate  of  the  DOA  of  the  target  that  is  “compensated”  for  the  bias 
in  the  monopulse  ratios  that  results  from  the  jammer. 

5.4  Two  Unresolved  Rayleigh  Targets  with  Known  Relative  RCS 

The  FIM  and  CRLBs  are  developed  for  the  DOA  estimation  of  two  unresolved 
Rayleigh  targets  using  a  standard  monopulse  radar.  The  FIM  and  CRLBs  are  used 
to  study  the  effects  of  beam  pointing  on  the  DOA  estimation.  Using  the  results  of 
Section  4.2  for  two  unresolved  Rayleigh  targets,  an  MM  approach  is  taken  to  the  DOA 
estimation  for  two  unresolved  Rayleigh  targets.  The  mean  of  the  in-phase  monopulse 
ratio  is  used  to  estimate  the  DOA  of  the  centroid  of  the  two  targets,  while  the  variance 
of  the  in-phase  and  quadrature  monopulse  ratios  is  used  to  estimate  the  difference  of 
the  DOAs  of  the  two  targets.  Simulation  results  that  illustrate  the  performance  of  the 
DOA  estimators  are  given  along  with  some  simulation  results  for  a  simple  tracking 
example. 


Fisher  Information  and  CRLBs 

The  FIM  and  CRLBs  associated  with  77 i  and  rj 2  are  developed.  The  FIM  will  be 
used  to  study  the  effects  of  antenna  pointing  on  the  DOA  estimation,  while  the  CRLBs 
will  be  used  later  in  this  section  to  assess  the  performance  of  the  DOA  estimators. 

The  FIM  [11,  p.  79]  associated  with  7)1  and  172 ,  based  on  N  observations  of  yj  and 
yq,  is  found  by  using  (4.53)  and  (4.54).  The  FIM  is  given  by 

t  *  iiu  rrc>  1 N  ,t,  2NYn$Iri91r2  /c  q7\ 

huVQ (^1  ’ 72 \N,{?Rok }*=!>  '&2R.)  -  q($Rl  _|_  $R2  _|_  (5.37) 


(5.37) 


;(Vi  +  ^£2  At?)2 


(»7i  +  At?) 


L*  '  ?Fjvv,i  ’  ,/  -I  *  qYn  (tji  -  ^.riAti)  1 

1  I  2  (*7l  +  ^JbAt?)  **  [,  ,  2  /  sp  A  x2l 

[  qYK  („  _  ftRl  A,)-1  l  qYK  S1  ^  I  _ 

where  At?  =  »?i  —  ??2  >  0. 

The  FIM  of  (5.37)  was  used  to  study  the  effects  of  sensor  pointing  on  the  DOA 
estimation.  The  dependence  of  IyI,yQ(fli,fl2\^A^ok}k=zi^2R)  on  Fjy  was  removed 
by  setting  Yn  —  F'[yyj5,2it]  =  +  ^^2  +  1  in  (5.37).  The  effects  of  the  antenna 

gain  pattern  are  not  assumed  to  be  included  in  A,  the  relative  RCS  of  the  two  targets. 
The  effects  of  the  antenna  gain  pattern  were  included  in  the  analysis  of  the  FIM  by 


using 


^Rl  —  $lmcos4 


^R2  —  9?R2cos 


4/  >72* 


(5.38) 
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in  (5.37)  for  $Rl  and  $R2,  respectively.  The  Tjbw  denotes  the  DOA  value  at  the 
one-way,  half-power  point  on  the  antenna  gain  pattern  of  the  sum  channel.  Thus,  at 
Vl  =  Vbw,  =  $Ri  ~  6  dB.  For  a  monopulse  error  slope,  km,  in  units  of  beamwidth, 
%Vbw  »  km.  For  all  of  the  examples  in  this  section,  r]bw  =  0.8. 

Figure  5.14  shows  the  FIM  for  two  13-dB  targets  (i.e.,  3^  =  $R2  =  13  dB)  sep¬ 
arated  by  one-half  beamwidth  (i.e.,  At?  =  r]bw  =  0.8)  versus  the  DOA  of  target  1,  t?i, 
for  N  =  4,  8,  and  12  subpulses.  The  DOA  for  target  2  is  given  by  r}2=  ^  -  A r/. 
Thus,  77!  =  0  in  Figure  5.14  corresponds  to  target  1  on  the  antenna  boresight,  while 
771  =  0.8  corresponds  to  target  2  on  the  antenna  boresight.  The  trace  of  the  FIM 
in  Figure  5.14  shows  that  pointing  the  antenna  boresight  exactly  between  the  two 
targets  (i.e.,  ??!  =  0.4)  is  the  least  informative  angle  for  sensor  pointing.  Consider¬ 
ing  the  Fisher  information  for  the  two  targets  separately  shows  that  one  radar  dwell 
with  eight  subpulses  between  the  two  targets  (i.e.,  iji  =  0.4)  gives  Fisher  informa¬ 
tion  for  the  individual  targets  of  55  each  for  a  total  of  110,  while  two  consecutive 
radar  dwells  with  four  subpulses  each  at  the  individual  targets  (i.e.,  ?7i  =  0  and  0.8) 
gives  a  total  Fisher  information  of  about  125.  Thus,  when  two  Rayleigh  targets  with 
equal  RCSs  are  separated  by  about  one-half  beamwidth,  the  most  informative  beam¬ 
pointing  strategy  involves  pointing  directly  at  the  two  targets  on  consecutive  dwells. 
The  DOAs  and  target  amplitudes  would  then  be  estimated  jointly  with  approximate 
knowledge  of  the  antenna  patterns. 

Figure  5.15  shows  the  FIM  for  two  13-dB  targets  separated  by  one- fourth  beam- 
width  (i.e.,  A77  =  0.5r)bw  =  0.4)  versus  rji  for  N  =  4,  8,  and  12  subpulses.  Thus,  77!  =  0 
in  Figure  5.15  corresponds  to  target  1  on  the  antenna  boresight,  while  1)1  =  0.4  cor¬ 
responds  to  target  2  on  the  antenna  boresight.  The  trace  of  the  FIM  in  Figure  5.15 
shows  that  pointing  the  antenna  boresight  between  the  two  targets  (i.e.,  0  <  771  <  0.4) 
maximizes  the  information.  Considering  the  Fisher  information  for  the  two  targets 
separately  shows  that  one  radar  dwell  with  eight  subpulses  between  the  two  targets 
(i.e.,  771  =  0.2)  gives  Fisher  information  of  about  250,  while  two  consecutive  radar 
dwells  with  four  subpulses  each  at  the  individual  targets  gives  Fisher  information  of 
about  240.  Thus,  when  two  Rayleigh  targets  with  equal  RCS  are  separated  by  less 
than  one-fourth  beamwidth,  pointing  between  the  two  targets  maximizes  the  informa¬ 
tion.  The  DOAs  and  target  amplitudes  are  then  estimated  jointly,  with  approximate 
knowledge  of  the  antenna  patterns  and  the  relative  RCS  of  the  targets  as  discussed 
later  in  this  section.  Note  that  reducing  the  separation  of  the  two  targets  from  one-half 
beamwidth  to  one-fourth  beamwidth  increases  the  Fisher  information  from  125  to  250. 

Figure  5.16  shows  the  FIM  for  a  16-dB  target  and  a  10-dB  target  (i.e.,  $Rl  = 
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DIRECTION-OF-ARRIVAL  (DOA)  OF  TARGET  1 


Figure  5.14  Fisher  Information  for  r)i  and  r) 2  with  Y/y  =  E[Yj^\^>2r]  —  Rri  +  $?R2  + 15 
^J?l  =  $R2,  and  At]  =  r)hw 
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Figure  5.15  Fisher  Information  for  7ft  and  %  with  Y jy  =  £'[yjv|^2it]  =  9?ri  +  ^R2  + 1, 
Rri  =  9?i?2,and  At?  =  0.5rjbw 
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49^722  =  16  dB)  separated  by  one-fourth  beamwidth  versus  rj\  for  N  =  4,  8,  and 
12  subpulses.  Thus,  772  =  0  in  Figure  5.16  corresponds  to  target  1  on  the  antenna 
boresight,  while  rji  =  0.4  corresponds  to  target  2  on  the  antenna  boresight.  The  trace 
of  the  FIM  in  Figure  5.16  shows  that  pointing  the  antenna  boresight  at  target  2  (i.e., 
571  «  0.4)  gives  the  maximum  Fisher  information  for  target  2.  Considering  the  Fisher 
information  for  the  two  targets  separately  shows  that  one  radar  dwell  with  eight 
subpulses  between  the  two  targets  (i.e.,  772  =  0.2)  gives  Fisher  information  of  about 
350,  while  two  consecutive  radar  dwells  with  four  subpulses  each  at  the  individual 
targets  gives  Fisher  information  of  about  275.  However,  the  difference  in  the  Fisher 
information  is  an  information  gain  on  the  larger  target.  Thus,  when  two  Rayleigh  tar¬ 
gets  with  significantly  different  RCSs  are  separated  by  about  one-fourth  beamwidth, 
the  most  informative  beam-pointing  strategy  appears  to  be  pointing  directly  at  the 
stronger  target  and  using  the  results  for  the  stronger  target  to  estimate  the  DO  A  of 
the  weaker  target.  While  joint  estimation  of  the  DOAs  and  targets  amplitudes  would 
be  appropriate,  the  DOAs  and  target  amplitudes  could  be  estimated  for  the  stronger 
target  first  and  the  weaker  target  second. 

A  bound  on  the  covariance  of  the  error  of  any  unbiased  estimator  of  [771  772  ]  [11, 

p.  79]  is  given  by 


cov 

where 
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(5.39) 
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(5.40) 


The  diagonal  elements  of  Jyi,yQ(ni,fi2 \N,  {U0k)k=i,  ^2 r)  give  the  CRLBs  for  77 2  and 
fi2-  These  CRLBs  will  be  used  to  assess  the  efficiency  [11,  p.  71]  of  the  DOA  estimators 
later  in  this  section. 
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Figure  5.16  Fisher  Information  for  rji  and  r]2  with  Y/y  =  E[Yn\^2r]  =  5Rri  +  ^2  + 1, 
and  A rj  =  0.5^ 
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DO  A  Estimation 

An  MM  approach  is  taken  to  the  DOA  estimation  for  two  unresolved  Rayleigh 
targets.  Since  two  DOAs  axe  to  be  estimated,  two  expressions  are  needed  for  the  MM 
estimation.  Since  the  observations  yj*  of  yj  are  not  stationary,  yj,  the  ML  estimate 
of  the  amplitude-conditioned  mean  of  y/,  and  (4.53)  provide  the  first  expression  as 

V,~  Sjn  +  Sffi  +  l  (  •  * 

Let  Ay  =  yi  —  772  >  0,  so  that  yi  >  t}2-  Also,  since  the  relative  RCS  of  the  two  targets 
is  assumed  known,  let  =  ^Rl  ?  where  A  >  0.  Then 


y\&yi  +  i  +  \Ari 

(5.42) 

m~yi  i  +  \Al] 

(5.43) 

Since  the  y/j.  are  nonstationary,  Gaussian  random  variables,  the  second  expression 
for  DOA  estimation  will  be  obtained  by  forming  a  Chi-squared  random  variable  with 
2N  —  1  degrees  of  freedom  from  yj*,  and  yj,  and  setting  the  random  variable 
equal  to  its  mean5.  Thus,  for  N  >  1,  let 


Xn  =  [  vn  -  in  •  •  •  yiN  -yi  yq  1  •  •  •  vqn 

Rn  =  2  diag  [  9?0i  . . .  0iojv  3fJ0i  •  •  •  $oN  ] 

Since  for  N  =  1,  yj  =  y/i,  let  Xi  =  yq\  and  R\  —  25R0i.  Also  let 

vN  =  X^RNXNq~l 


(5.44) 

(5.45) 

(5.46) 


where  q  is  given  by  (4.56).  Since  the  amplitude-conditioned  PDF  of  the  in-phase  and 
quadrature  monopulse  ratios  are  Gaussian,  as  given  by  (4.53)  through  (4.56),  vj\r  is 
a  Chi-squared  random  variable  with  2N  —  1  degrees  of  freedom,  where  one  degree  of 
freedom  has  been  lost  due  to  the  estimation  of  the  conditional  mean  of  y/  [48,  p.  320]. 
Then 


E[vpf]  =  2N  —  1 
VAR[uj\r]  =  2(2iV  -  1) 

Setting  ujv  equal  to  its  mean  gives 

-  _  XxRfifXfj  v 
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(5.47) 

(5.48) 


(5.49) 


The  use  of  the  ML  value  of  the  Chi-squared  random  variable,  which  is  2N-3,  was  found  to  give  a  significantly 


larger  bias  in  the  DOA  estimates  than  the  mean. 
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Since  for  a  typical  monopulse  radar  A 77  >1.5  would  allow  the  targets  to  be  resolved  by 
placing  one  target  at  a  time  in  the  null  of  the  antenna  pattern,  assume  that  Ag  <  1.5. 
Thus,  pointing  the  antenna  boresight  between  the  targets  allows  the  approximation 
of  q  by 


Inserting  q  in  (5.49)  for  q  and 
estimates  as 
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(5.50) 


using  the  result  in  (5.42)  and  (5.43)  gives  the  DOA 
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(5.51) 

(5.52) 


(5.53) 


%R  =  rN- 1  for  YN  =  ±]T®ok  (5.54) 

k=i 

with  thw  denoting  the  DOA  value  at  the  one-way,  half-power  point  on  the  antenna  gain 
pattern  of  the  sum  channel.  For  a  monopulse  error  slope,  km ,  in  units  of  beamwidth, 
^Vbw  ~  km.  The  first  case  of  (5.53)  is  introduced  to  ensure  that  the  DOA  estimates 
are  real  numbers,  while  the  second  case  is  introduced  to  prevent  the  difference  of  the 
two  DOA  estimates  from  being  unreasonably  large.  Limiting  the  difference  of  the  two 
DOA  estimates  was  found  to  be  critical  when  correcting  the  known  relative  RCS  A 
for  the  effects  of  the  antenna  gain  pattern  of  the  sum  channel  as  discussed  below. 

Note  that  q  can  be  expressed  as  a  function  of  vN  and  that  for  a  twice  differentiable 
function  g(x), 


E[g(x)]^g(x)+g"(x)crl  (5.55) 

where  x  =  E[x],  <7%  =  VAR[a:],  and  g"(x)  is  the  second  derivative  of  g(x)  with  respect 
to  x  evaluated  at  x  =  x.  Using  (5.55)  with  (5.51)  and  (5.52)  gives  approximations  of 
the  variances  of  the  DOA  estimates  for  q  as 


VAR[9i|«2a]  «  q 

VAR[^2|^2ij]  ~  q 
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where  $Ir  =  9Rri  +  Setting  q  =  q  in  (5.56)  and  (5.57),  and  by  analysis  of  sim¬ 
ulation  results,  q(q  —  crja^2)-1  =  1.5  was  found  to  provide  relatively  good  estimates 
of  the  variances  for  the  DOA  estimates,  which  are  given  by 

4  =  9 
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*fc  =  9 
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1.5A 


2 NYn  '  $r(2N-1) 
1  1.5 
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2 NYn  \Rr(2N  -  1) 


(5.58) 

(5.59) 


Simulation  Results 

Monte  Carlo  simulations  with  40,000  experiments  were  conducted  to  study  the 
performances  of  the  DOA  estimators  for  various  values  of  N,  At),  and  A.  While  the 
relative  RCS  of  the  two  targets  is  assumed  to  be  known,  the  effect  of  the  antenna  gain 
pattern  is  not  assumed  to  be  included  in  A.  The  effects  of  the  antenna  gain  pattern 
were  included  in  the  simulation  of  (4.1)  through  (4.4)  by  using 

A = Acos(S  (5-60) 

&=/,2cos(SD  (5-6i> 

for  /3j  and  /?2,  respectively.  The  effects  of  the  antenna  gain  pattern  were  addressed 
in  the  DOA  estimation  by  using  a  modified  A  in  (5.51)  and  (5.52),  which  is  given  by 


(5.62) 


where  f\\  and  f/2  are  the  DOA  estimates  that  result  from  ignoring  the  effects  of  the 
antenna  gain  pattern.  The  multiplier  modification  to  A  was  restricted  to  greater  than 
0.25  and  less  than  4.  During  the  simulations,  only  measurements  with  NYn  >  17  dB 
were  utilized  in  the  DOA  estimation,  and  =  0.8. 

The  effect  of  N  on  the  DOA  estimation  was  studied  using  Ar/  =  0.4  and  setting 
Nffijii  =  N$lR2  =  26  dB  (i.e.;  without  the  effects  of  the  antenna  pattern).  The  av¬ 
erages  and  standard  deviations  of  the  errors  in  the  DOA  estimates  for  target  1  are 
shown  versus  the  DOA  of  target  1  in  Figures  5.17  and  5.18.  The  DOA  for  target  2  is 
given  by  ??2  =  Tji  —  Aq.  Thus,  r/i  =  0  in  Figures  5.17  and  5.18  corresponds  to  target 
1  on  the  antenna  boresight,  while  tji  =  0.4  corresponds  to  target  2  on  the  antenna 
boresight.  For  each  case  of  N,  the  average  error  and  standard  deviation  decreases  as 
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N  increases.  Figure  5.19  shows  the  sample  standard  deviations  of  the  CRLB  normal¬ 
ized  errors  in  the  estimates  of  Tj\ .  Since  A  is  random,  the  DOA  estimation  errors  were 
normalized  by  the  corresponding  CRLB  prior  to  computing  the  sample  standard  de¬ 
viations.  For  N  =  12,  the  simulated  performance  of  the  DOA  estimators  approaches 
the  performance  predicted  with  the  CRLB,  while  for  N  =  4  or  8  the  simulated  per¬ 
formance  of  the  DOA  estimators  differs  significantly  from  the  performance  predicted 
with  the  CRLB.  Figure  5.19  also  shows  that  a  radar  pulse  with  a  specific  energy 
provides  better  DOA  estimation  with  more  subpulses  at  distinct  frequencies. 

The  effect  of  Arj  on  the  DOA  estimation  was  studied  using  N  =  8  and  setting 
$ri  =  $R2  =  17  dB.  The  averages  and  standard  deviations  of  the  errors  in  the  DOA 
estimates  for  target  1  are  shown  in  Figures  5.20  and  5.21  for  various  DO  As  of  target  1 
and  At]  =  0.2,  0.4,  0.6,  and  0.8.  The  DOA  estimation  for  Ar)  =  0.8  is  significantly 
degraded  when  compared  to  that  for  A tj  =  0.2  or  0.4.  Thus,  when  two  targets  are 
separated  by  about  one-half  of  the  one-way  beamwidth,  DOA  estimation  with  two 
consecutive  dwells  at  the  individual  targets  may  be  better  than  a  single  dwell  between 
them.  This  observation  agrees  with  those  made  earlier  in  this  chapter. 

The  effect  of  A  on  the  DOA  estimation  was  studied  using  N  =  8,  At?  =  0.4, 
and  =  17  dB.  The  averages  and  standard  deviations  of  the  errors  in  the  DOA 
estimates  for  targets  1  and  2  are  shown  in  Figures  5.22  and  5.23  for  the  positive  DOAs 
of  target  1;  the  corresponding  negative  DOAs  of  target  2;  and  A  =  1,  0.5,  and  0.25 
(i.e.,  dtR 2  =  17,  14,  and  11  dB).  The  Vl  =  0  in  Figures  5.22  and  5.23  corresponds  to 
target  1  on  the  antenna  boresight  and  r/ 2  =  —0.4,  while  r/i  =  0.4  corresponds  to  r/2  =  0, 
target  2  on  the  antenna  boresight.  The  DOA  estimation  for  target  1  improves  as 
decreases,  while  DOA  estimation  for  target  2  degrades  as  3^2  decreases  as  expected. 
The  errors  were  also  normalized  by  the  standard  deviation  estimates  of  (5.58)  and 
(5.59),  and  the  sample  standard  deviations  of  those  errors  are  given  in  Figure  5.24, 
which  indicates  that  the  variance  estimates  of  (5.58)  and  (5.59)  are  reasonably  good. 

Results  of  20  experiments  for  a  simple  tracking  example  are  given  to  illustrate  the 
concept  of  tracking  unresolved  targets  with  monopulse  measurements.  The  computer 
simulation  program  of  [24]  was  modified  to  include  multiple  targets  and  processing 
measurements  of  unresolved  targets.  The  target  trajectories,  as  shown  in  Figure  5.25, 
are  constant  speed  and  height,  and  are  initially  separated  by  1.4  km.  The  targets 
converge  to  a  separation  of  about  one  beamwidth  at  x  =  50  km.  The  solid  lines  show 
the  true  bearing  of  the  two  targets,  while  the  dashed  lines  denote  one  beamwidth  with 
the  antenna  boresight  pointed  directly  at  a  bearing  of  zero.  When  the  targets  are 
separated  by  more  than  one  beamwidth,  measurements  are  easily  associated  with  the 
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Figure  5.19  Standard  Deviations  of  CRLB  Normalized  Errors  in  DO  A  Estimates  for 
Arj  =  0.5?7fcw  and  A  =  1 


correct  target,  and  conventional  DOA  estimation  and  tracking  works  fine.  At  about 
one  beamwidth  separation  of  the  two  targets  (i.e.,  x  =  50  km),  the  presence  of  the 
other  target  adversely  effects  the  monopulse  measurements,  and  when  the  presence 
of  the  second  target  was  not  taken  into  consideration  in  the  DOA  estimation  and 
tracking,  most  tracks  were  lost  at  this  point  in  the  trajectories.  A  target  track  was 
declared  lost  after  four  consecutive  measurements  failed  to  statistically  associate  with 
the  target  or  when  the  relative  positions  of  the  two  targets  inverted.  At  this  point 
in  the  tracking,  the  DOA  and  amplitude  estimates  of  the  other  track  filter  were  used 
in  the  DOA  and  variance  estimation  in  a  manner  similar  to  that  in  Section  5.3  for 
a  Rayleigh  target  in  the  presence  of  a  Gaussian  jammer.  As  the  targets  continued 
to  converge,  most  tracks  were  declared  lost  by  about  x  =  70  km  if  the  processing 
of  unresolved  measurements  as  developed  in  this  section  was  not  employed.  For  the 
processing  of  unresolved  targets,  the  antenna  boresight  was  pointed  at  the  estimated 
centroid  of  the  two  equal  RCS  targets,  and  two  dwells  of  six  subpulses  were  used. 
The  average  tracking  errors  of  the  two-target  scenario  are  shown  in  Figure  5.25,  and 
the  RMS  errors  are  shown  in  Figure  5.26.  In  Figure  5.25,  the  dashed  lines  denote 
one  beamwidth  with  the  antenna  boresight  pointed  directly  at  a  bearing  of  zero.  The 
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igure  5.20  Average  Errors  in  DOA  Estimates  for  N  =  8  and  A  =  1 
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SOLID:  LAMBDA  =  1.0 


DASH:  LAMBDA  =  0.5 
DOT:  LAMBDA  =  0.25 


R1  =  17  DB,  N  =8 


DIRECTION-OF-ARRIVAL  (DOA)  OF  TARGET  2/TARGET  1 

Figure  5.22  Average  Errors  in  DOA  Estimates  for  N  =  8  and  A?;  =  0.5% 
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Figure  5.23  Standard  Deviations  of  Errors  in  the  DOA  Estimates  for  N 
Ar)  =  0.5  rjbw 


NSWCDD/TR-97/167 


Figure  5.24  Standard  Deviations  of  Errors  in  the  DOA  Estimates  Normalized  by  the 
Estimates  of  Standard  Deviation  for  N  =  8  and  At]  =  0.5t/{,w 

large  bias  in  the  estimates  is  the  result  of  the  upper  limit  of  half  a  beamwidth  imposed 
on  7)1  —  fj2  through  q. 

The  initial  results  of  the  simple  tracking  example  demonstrate  the  potential  of 
tracking  two  unresolved  Rayleigh  targets,  since  the  track  estimates  were  maintained 
and  did  not  coalesce.  The  use  of  conventional  measurement  processing  and  tracking 
resulted  in  the  loss  of  both  targets  in  every  experiment.  Further  investigations  are 
needed  to  reduce  the  bias  in  the  estimates  and  improve  the  transition  between  tracking 
resolved  targets  and  tracking  unresolved  targets. 
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Figure  5.25  Average  Tracking  Errors  of  Unresolved  Processing  for  Two  Targets 


TIME  (SEC) 


Figure  5.26  RMS  of  Tracking  Errors  of  Unresolved  Processing  for  Two  Targets 
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Chapter  6 

DETECTION  OF  THE  PRESENCE  OF  TWO 
UNRESOLVED  RAYLEIGH  TARGETS 


When  target  echoes  interfere  (i.e.,  the  echoes  are  not  resolved  in  the  frequency 
or  time  domains),  the  DOA  estimate  indicated  by  the  in-phase  monopulse  ratio  can 
wander  far  beyond  the  angular  separation  of  the  targets  [1,4,42].  The  failure  to 
detect  the  presence  of  this  interference  can  be  catastrophic  to  the  performance  of  the 
tracking  algorithm,  since  its  position  and  velocity  estimates  determine  the  association 
of  any  subsequent  measurements  to  the  target.  This  chapter  addresses  the  detection 
of  the  presence  of  two  unresolved  Rayleigh  targets.  The  detection  of  the  presence 
of  two  unresolved,  fixed-amplitude  targets  is  not  considered  in  this  research  due  the 
intractable  statistics.  However,  this  chapter  includes  results  of  simulation  studies 
of  performance  of  the  detection  algorithm  for  unresolved  Rayleigh  targets  when  two 
fixed- amplitude  targets  are  present. 

In  order  to  reduce  the  catastrophic  effects  of  this  target  multiplicity,  a  thresh¬ 
old  test  of  either  the  measured  amplitude  of  the  sum  signal  or  the  magnitude  of  the 
quadrature  part  of  the  monopulse  ratio  was  considered  in  [49].  In  the  amplitude 
threshold  test,  a  DOA  estimate  was  considered  unreliable  when  the  measured  ampli¬ 
tude  of  the  sum  signal  failed  to  exceed  a  threshold  value,  and  the  DOA  estimate  was 
not  used  for  tracking.  In  the  quadrature  monopulse  test,  a  DOA  estimate  was  not 
used  for  tracking  when  the  magnitude  of  the  quadrature  ratio  exceeded  a  threshold 
value.  Using  either  of  these  tests  will  tend  to  make  the  tracking  more  stable  and 
follow  the  stronger  target  if  the  amplitudes  are  fixed  and  the  amplitude  of  one  target 
is  3  to  5  dB  stronger  than  that  of  the  other  target.  However,  both  of  these  tests 
require  knowledge  of  the  amplitude  of  at  least  one  of  the  two  targets  in  the  absence 
of  the  other  target.  While  in  some  cases  the  amplitudes  could  be  estimated  prior  to 
the  occurrence  of  the  target  multiplicity,  the  reliability  of  the  amplitude  estimates 
may  be  a  problem  since  the  RCS  of  typical  targets  can  be  very  sensitive  to  the  aspect 
angle  of  the  radar.  Furthermore,  target  multiplicity  can  occur  with  targets  of  approx- 
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imately  the  same  amplitude.  In  [50],  a  maximum- likelihood  detection  algorithm  was 
developed  for  detecting  target  multiplicity  or  interference  using  the  complex  voltage 
outputs  of  the  antenna  lobes.  However,  the  algorithm  in  [50]  was  developed  for  sig¬ 
nals  with  a  high  postdetection  SNR  and  targets  with  fixed  amplitudes  that  differ  by 
more  than  3  dB.  Furthermore,  in  many  monopulse  systems,  the  sum  and  difference  of 
the  two  antenna  lobes  are  formed  in  the  waveguide  prior  to  the  receivers.  Thus,  only 
the  sum  and  difference  signals  are  available  for  signal  processing.  This  is  particularly 
true  in  array  antennas  with  constrained  feeds  [1,  p.  288]. 

The  detection  of  the  presence  of  unresolved  targets  was  considered  in  [33]  with  an 
M  out  of  N  threshold  test  of  the  magnitude  of  the  quadrature  monopulse  measure¬ 
ments.  The  threshold  value  for  each  quadrature  monopulse  measurement  was  derived 
to  be  a  function  of  the  SNR  and  DOA  with  the  marginal  PDF  for  the  quadrature 
monopulse  measurements.  The  detection  of  unresolved  Rayleigh  targets  was  further 
considered  in  [51],  where  the  power  centroid  and  angular  extent  of  a  set  of  measure¬ 
ments  were  estimated  from  the  sum  and  difference  signals,  and  target  multiplicity  was 
declared  when  the  estimated  angular  extent  exceeded  that  expected  from  a  single  tar¬ 
get.  The  algorithm  of  [51]  was  shown  to  give  significantly  improved  detection  over 
the  algorithm  of  [33]  for  two  or  more  (independent)  observations  (i.e.,  Ar  >  1)  and 
to  be  equivalent  to  the  algorithm  of  [33]  for  one  observation  (i.e.,  N  =  1).  While  an 
improvement  in  the  detection  of  unresolved  Rayleigh  targets  was  realized  in  [51],  the 
detection  threshold  value  remained  a  function  of  the  SNR  and  DOA.  In  this  chapter, 
amplitude-conditioned  PDFs  of  Sections  4.1  and  4.2  are  used  to  develop  a  GLRT 
for  detection  of  the  presence  of  unresolved  Rayleigh  targets  with  a  Neyman-Pearson 
algorithm.  Conditioning  the  PDF  of  the  monopulse  measurements  on  the  measured 
amplitude  of  the  sum  signal  gives  the  in-phase  and  quadrature  monopulse  ratios  as 
conditionally  independent,  Gaussian  random  variables  so  that  the  PDF  is  fully  spec¬ 
ified  by  the  means  and  variances.  Since  the  SNR  of  neither  target  is  assumed  known, 
the  measured  amplitude  of  the  sum  signal  provide  no  information  concerning  the  DOA 
of  either  target  or  the  presence  of  two  targets.  Thus,  the  PDF  of  the  monopulse  mea¬ 
surements  can  be  conditioned  on  the  measurement  amplitude  to  obtain  a  Gaussian 
distribution  without  any  loss  of  information. 

A  Neyman-Pearson  algorithm  for  GML  detection  of  target  multiplicity  is  devel¬ 
oped  in  this  chapter.  The  algorithm  is  developed  for  a  single  radar  dwell  that  includes 
multiple  noncoherent  pulses  at  slightly  different  frequencies  so  that  independence  of 
the  target  amplitudes  is  achieved.  When  utilizing  the  conditional  PDF  in  the  de¬ 
tection  of  target  multiplicity,  the  test  statistic  is  shown  to  be  a  chi-square  random 
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variable  with  2 N  —  1  degrees  of  freedom  for  N  pulses.  The  test  utilizes  the  observed 
SNRs  and  estimates  of  the  SNR  and  DOA.  Thus,  the  test  requires  no  specification 
of  the  SNR  or  DOA  of  either  target.  Of  course,  the  probability  of  detecting  target 
multiplicity  is  dependent  on  the  relative  amplitudes  and  locations  of  the  two  targets. 
ROC  curves  are  given  to  illustrate  the  performance  of  the  new  detection  algorithm, 
and  specific  comparisons  are  made  between  the  predicted  performances  of  the  new 
algorithm  and  the  algorithm  developed  in  [51].  Simulation  results  that  confirm  the 
performance  predictions  of  the  ROC  curves  are  given  along  with  concluding  remarks. 


Detection  of  Target  Multiplicity 

Let  Ho  denote  the  hypothesis  of  no  unresolved  targets  (i.e.,  Target  1  only),  and 
H\  denote  the  hypothesis  of  two  unresolved  targets  (i.e.,  Targets  1  and  2).  Then, 
Section  4.2  gives  the  PDFs  of  yi  and  yq  for  two  unresolved  Rayleigh  targets  as 


where 


u  \h  so  it.  x  ATf&RLVl+toB2V2 

HVQ\HuK^2R)  = 


<1  = 


2  $l0 

#RlVl  +  &R2V2  +  ®Rltoin{Vl  -  72)2' 
.trf  Rri  +  R2  +  1 


(6.1) 

(6.2) 


(6.3) 

(6.4) 


with  q  being  introduced  for  later  reference.  The  and  $tR2  are  the  SNRs  of  target 
1  and  target  2,  respectively,  while  rji  and  rj2  are  the  DOAs  for  target  1  and  target  2, 
respectively.  The  variance  expression  of  (6.3)  also  shows  that  the  DOA  estimation 
for  two  unresolved  targets  is  not  directly  improved  by  increasing  the  expected  value 
of  0JO  through  the  transmitted  energy  because  increasing  the  transmitted  energy  also 
increases  and  $Ir2-  The  larger  errors  in  the  monopulse  measurements  occur  when 
the  two  target  echoes  interfere  to  produce  a  value  for  3i0  that  is  small  relative  to 
$Rl$R2{$lRl  +  $R2  +  1)_1- 

Using  the  results  of  Section  4.1,  the  PDFs  of  yj  and  yq  for  a  single  target  are 
given  by 


'  ct2\ 

(6.5) 

}(vq\H0,K,^r)  =  N( 

O,0o  ) 

(6.6) 
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$R1 
+  1 


(67) 

(6.8) 


Since  the  receiver  errors  are  assumed  to  be  independent,  p  of  (6.8)  was  obtained  by 
setting  p  —  0  in  (4.45). 

Since  yj  is  a  conditional  Gaussian  random  variable  under  H0  or  Hi,  the  ML 
estimate  [11,  p.  65]  of  yj,  which  is  the  conditional  mean  of  yj  under  H0  or  H\ ,  is 
given  for  N  independent  pulses  by 


(6.9) 


where  the  t//*  denotes  the  in-phase  monopulse  ratio  for  pulse  k,  and  U0k  denotes  the 
observed  SNR  given  by  (3.11)  for  pulse  k.  Thus,  the  estimate  yj  is  a  “power”  weighted 
sum  of  the  N  monopulse  ratios.  Since  the  yjk  are  Gaussian  random  variables,  yj  is  also 
the  minimum  variance  estimate  of  yj  and  a  Gaussian  random  variable  with  variance 
given  by 


P 

2NYn 


(6.10) 


Using 


A 

VI 


Rffl 
+  1 Tl1 


(6.11) 


from  (6.5)  and  =  Uri  in  (6.8)  gives  an  estimate  of  <Tg*,  which  is  the  variance  the 
monopulse  ratio  of  pulse  k  under  hypothesis  Hq,  as 


£.2  _ 
Co  k  ~ 

A 

p= 


(6.12) 

(6.13) 


where  is  the  ML  estimate  of  under  Hq  (i.e.,  —  0)*  Then  is  given 

by  (3.32)  with  SRiji  =  Ur.  An  estimate  of  the  variance  of  the  yj  can  be  achieved  by 
using  p  in  (6.10). 

Comparing  (6.1)  through  (6.4)  with  (6.5)  through  (6.8)  suggests  that  the  presence 
of  unresolved  Rayleigh  targets  can  be  detected  using  the  GLRT  [11,  p.  92],  where  the 
ML  estimate  of  yj ,  the  conditional  mean  of  yj  under  Hq  and  Hi,  is  used  for  the 
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means  since  771  nor  772  is  known  a  priori.  Since  the  monopulse  measurements  are 
conditionally  Gaussian  distributed  under  Hq  and  H\,  (6.9)  gives  the  ML  estimate 
of  the  conditional  mean  yj  under  both  hypotheses.  Thus,  using  (6.1)  through  (6.8) 
and  generalizing  directly  over  the  conditional  mean  under  each  hypothesis  gives  the 
generalized  likelihood  ratio  [11,  p.  92]  for  N  independent  pulses  as 

N 

max  n  f(yik,  VQk\Hi,  $ok,  $2 R.) 
^({j//fc}f=n{j/QA:}f=ll{^}f=1^2it)  =  - - 

max  n  f(yik,  yQk\Ho,$t0k ,  Vr) 

yi  jt=i 
N 

Y[f(yik,yQk\Hi,yi  =  yh^ok^iR) 

k= 1 _ 

N 

Y[f(yik,yQk\Ho,yi  =  i/h^ok^R.) 
k= 1 

/  \N  , 

=  (JJ  exp[  —  -(q-1  -  p-^X^RnXn^Q.U) 

where  for  N  >  1, 

rp 

Xu  =  [yn  -  yi  ...  yiN  -yi  yq  1  •  •  •  yqN ]  (6.15) 

Rn  —  2  diag[5ft0i  ...  ...  SR0i\r]  (6.16) 

and  for  N  =  1,  X\  =  yq\  and  R\  =  23ft0i .  The  t/j*  and  yq/.  are  the  in-phase  and 
quadrature  monopulse  ratios  for  pulse  k,  while  3 is  the  observed  SNR  of  (3.11)  for 
pulse  k.  Taking  the  logarithm  of  (6.14)  gives  the  test  statistic  for  the  GLRT  as 

Tk  =  XlRN  Xn  (6.17) 

This  Tu  is  related  to  the  test  statistic  C2  of  [51]  according  to 

Tn  =  Y^C2  (6.18) 

where  Yjy  is  the  sample  mean  of  the  observed  SNRs  as  given  by  (3.29).  The  use  of  the 
amplitude-conditioned  PDFs  of  the  yn  and  yqi  in  the  GLRT  gives  the  test  statistic 
Tn,  which  is  proportional  to  a  chi-square  distributed  random  variable,  while  the  test 
statistic  C2  used  in  [51]  is  F-distributed  [52,  p.  946].  The  performance  predictions  of 
this  section  and  the  simulation  results  of  the  next  section  indicate  that  the  use  of  Tn 
gives  better  detection  of  target  multiplicity  than  the  use  of  C 2 . 
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Since  the  conditional  densities  for  the  in-phase  and  quadrature  monopulse  ratios 
are  Gaussian  for  H0  with  variance  given  by  (6.7),  TNp~l  is  a  chi-square  random 
variable  with  2 N  —  1  degrees  of  freedom  under  Hq  ,  where  one  degree  of  freedom  has 
been  lost  due  to  the  estimation  of  the  conditional  mean  of  yj  [48,  p.  320].  Taking  a 
N eyman-Pearson  approach  to  the  detection  problem,  the  probability  of  false  detection 
of  multiple  targets  (i.e.,  the  probability  of  detecting  the  presence  of  unresolved  targets 
when  only  one  target  is  present)  for  a  detection  threshold  is  given  by 


1  r+ OO 

Pfdmt  =  PiTNf-1  >  W,  {«*}£=„»*}  =  — - - -  /  tN-ie~idt 

2N~lT(N  -  \)  J\d 

(6.19) 

where  P{-}  denotes  probability  of  an  event,  and  T(-)  is  the  gamma  function  [52, 
p.  253].  Figure  6.1  shows  the  normalized  detection  threshold  A^  versus  Pfdmt  for 
N  =  2, 3,4,  and  5.  Note  that  the  Pfdmt  can  also  be  determined  with  a  table  for  the 
chi-square  distribution  that  can  be  found  in  various  books  (e.g.,  [52,  p.  984]). 

Since  no  assumptions  are  made  regarding  the  DOAs  or  SNRs  of  the  targets,  a 
N ey  man- Pearson  approach  will  be  taken  to  the  detection  problem  so  that  an  estimate 
of  only  p  is  required.  Thus,  for  a  specified  Pfdmt  and  corresponding  A<*,  the  decision 


rule  8  is  given  by 


$  —  f  Hq  ,  Tn  <  pXd 
Hu  Tn  >  pXd 


(6.20) 


where 


p=-f  + 


Yn  -  lJ  L  NYn 


(6.21) 


with  Yn  given  by  (4.47),  and  the  MM  estimate  of  7/x  has  been  used  in  p  of  (6.8)  to 
form  p.  Note  that  predictions  of  detection  performance  given  in  this  section  are  only 
approximations,  since  p  is  used  for  p.  However,  the  predictions  of  performance  are 
shown  to  agree  rather  well  with  the  results  of  simulation  studies. 

Since  the  conditional  densities  for  the  in-phase  and  quadrature  monopulse  ratios 
are  Gaussian  for  Hi  with  variance  given  by  (6.3),  T^q~^  is  a  chi-squared  random 
variable  with  2N  —  1  degrees  of  freedom  under  H\ .  The  probability  of  detection  of 
multiple  targets  (i.e.,  the  probability  of  detecting  the  presence  of  unresolved  targets 
when  two  unresolved  targets  are  present)  is  given  by 


Pdmt  =  P{TNq  1  >  A dpq  1\HU  {3?0fc}f=i,^2i?} 

1  /‘+0°  jy _ 3  _t  , 

=  rr~  1 - —  /  tN  2e  2  dt 

2n-?T(N  -  i)  J\dpq-i 


(6.22) 
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Figure  6.1  Detection  Thresholds  Versus  Probability  of  False  Alarm  for  N  =  2,3,4, 
and  5  Pulses 


Figure  6.2  shows  approximate  ROC  curves  for  the  detection  algorithm  for  tar¬ 
get  1  and  target  2  situated  symmetrically  about  the  boresight  of  the  antenna  (i.e., 
r)i  =  —7/2),  3£ri  =  5?R2  =  13  dB,  and  aj  =  <r|.  The  solid  lines  denote  cases  where 
rji  =  —t)2  =  0.4,  while  the  dashed  lines  denote  cases  where  =  —rj 2  =  0.2.  Thus,  for 
Figure  6.2  and  monopulse  error  slope  km  =  1.6  (see  (2.45)),  the  solid  lines  correspond 
to  two  targets  situated  about  one-fourth  of  a  beamwidth  from  the  antenna  bore- 
sight,  while  the  dashed  lines  correspond  to  two  targets  situated  about  one-eighth  of 
a  beamwidth  from  the  antenna  boresight.  The  Pfdmt  were  generated  for  a  2 N  —  1 
degree-of-freedom  chi-square  random  variable  for  various  values  of  A^.  The  Pdmt 
were  generated  by  using 


VI 


^RlVl  +  ^R2V2 


(6.23) 


+  5Rr2  +  1 

and  the  true  values  of  ^2 R  in  P  and  q ■  For  the  solid  lines,  p  =  1.0  and  q  =  7.4, 
and  for  the  dashed  lines,  p  =  1.0  and  q  =  2.6.  Figure  6.2  indicates  that  a  Pdmt  — 
0.92  with  Pfdmt  =  0-01  can  he  achieved  with  four  pulses  at  13  dB  when  the  two 
targets  are  separated  symmetrically  about  the  antenna  boresight  by  one-half  of  a 
beamwidth.  Four  13-dB  pulses  correspond  to  a  total  SNR  of  about  19  dB,  which  is  not 
an  unreasonable  SNR  for  tracking.  The  detection  performance  drops  to  Pdmt  =  0.4 
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with  Pfdmt  =  0-01  when  the  two  targets  are  separated  by  one-fourth  of  a  beamwidth. 
Comparing  the  solid  and  dash  lines  of  Figure  6.2  indicates  that  the  difficulty  of  the 
detection  problem  increases  as  the  angle  of  separation  decreases. 

Figure  6.3  shows  the  ROC  curves  for  the  detection  algorithm  for  target  1  at  the 
boresight  of  the  antenna  (i.e.,  rji  =  0)  and  target  2  off  the  boresight  by  one-half  of  the 
beamwidth  (i.e.,  rj2  =  0.8).  The  solid  lines  denote  cases  where  3?^  =  $R2  =  13  dB, 
while  the  dashed  lines  denote  cases  where  =  4 $R2  =  13  dB.  Thus,  for  Figure  6.3, 
the  solid  lines  correspond  to  p  -  1.1  and  q  =  7.6,  and  the  dashed  lines  correspond 
to  p  =  1.0  and  q  =  3.6.  Comparing  the  solid  lines  from  Figures  6.2  and  6.3  indicates 
that  pointing  between  two  targets  provides  slightly  better  detection  of  the  target 
multiplicity  than  pointing  directly  at  one  of  the  two  targets.  Comparing  Figures  6.2 
and  6.3  also  suggests  that  the  probability  of  detection  is  more  sensitive  to  the  angular 
separation  of  the  targets  than  to  the  relative  amplitudes. 

Simulation  Results 

Since  p  is  used  for  p  in  the  decision  rule  of  (6.19),  the  decision  rule  was  applied  to 
simulated  measurements  to  confirm  the  performance  predictions  given  in  the  previous 
section.  Radar  dwells  with  four  pulses  (N  =  4)  were  considered,  and  =  18.4 
was  chosen  in  order  to  achieve  a  false  alarm  rate  of  0.01.  Table  6.1  provides  the 
percents  of  false  alarms  for  various  DOAs  and  SNRs  that  occurred  during  Monte 
Carlo  simulations  with  25,000  experiments  for  each  entry.  The  measurements  were 
simulated  with  (4.1)  through  (4.2)  by  setting  a*  =  0  for  all  i,  and  =  0  for  all 
i  >  1.  For  rji  =  ±0.75  and  km  =  1.6,  the  target  is  about  one-half  a  beamwidth  off  the 
antenna  boresight  (i.e.,  6  =  ±O.4705py).  Note  that  with  the  exception  of  qi  =  ±0.75 
and  ±1.0,  and  =  7  dB,  the  false  alarm  rates  found  with  the  simulation  studies 
agree  well  with  the  design  value  of  1.0  percent.  This  poor  performance  for  $Rl  and 
rji  =  ±1.0  is  the  result  of  using  an  estimated  value  for  p  at  a  low  SNR  with  only  a 
few  pulses.  Note  that  the  total  expected  SNR  of  four  pulses  at  7  dB  is  13  dB  (i.e., 
4  £[&0]  =  20). 

The  probabilities  of  detection  that  occurred  during  25,000  experiments  for  each 
entry  are  shown  in  Figure  6.4.  The  measurements  included  four  independent  pulses 
that  were  simulated  using  (4.1)  through  (4.4)  for  one  target  at  the  boresight  and 
the  second  target  at  various  off-axis  angles.  The  decision  rule  was  implemented  with 
A(f  =  18.5  to  achieve  a  Pfdmt  —  0.01.  The  solid  lines  correspond  to  simulation 
results  with  $Rl  =  $R2  =  13  dB,  $Rl  =  $R2  =  10,  and  URl  =  mR2  =  13  dB,  while 
the  dotted  lines  correspond  to  the  predicted  performance  based  on  the  results  of  the 
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Figure  6.2  ROC  Curves  for  Two  13-dB  Targets  Symmetric  About  the  Antenna  Bore- 
sight  (solid:  one-half  beamwidth  separation,  dashed:  one-fourth  beamwidth  separa¬ 


tion) 


Figure  6.3  ROC  Curves  for  Two  Targets  Separated  By  One-Half  Beamwidth  with 
One  13-dB  Target  at  the  Antenna  Boresight  (solid:  13  dB  second  target,  dashed: 
7  dB  second  target) 


NSWCDD/TR-97/167 

Table  6.1  Percents  of  False  Alarms  for  Detection  of  Target  Multiplicity 


Percent  of  False  Alarms  (%) 

Vl 

3^1  =  7  dB 

$R1  =  10  dB 

=  13  dB 

-1.00 

2.1 

1.6 

1.3 

-0.75 

1.8 

1.3 

1.2 

-0.50 

1.4 

1.2 

1.1 

-0.25 

1.1 

1.0 

1.0 

0.00 

1.0 

0.9 

0.9 

0.25 

1.1 

1.0 

1.0 

0.50 

1.4 

1.2 

1.1 

0.75 

1.8 

1.3 

1.2 

1.00 

2.1 

1.6 

1.3 

previous  section.  Figure  6.4  shows  that  the  simulated  performance  of  the  detection 
algorithm  agrees  very  well  with  the  performance  predictions  based  on  (6.19)  and 
(6.22).  For  two  13-dB  targets  and  four  pulses,  Figure  6.3  predicts  Pdmt  =  0.92 
for  Pfdmt  =  0.01,  while  the  simulations  results  give  Pdmt  =  0.89.  Figure  6.4 
suggests  that  the  probability  of  detection  depends  on  the  total  SNR  (i.e.,  d-SR^)- 

Figure  6.4  also  indicates  that  the  probability  of  detection  depends  strongly  on  the 
angle  of  separation. 

Figure  6.5  shows  the  probabilities  of  detection  that  occurred  during  25,000  exper¬ 
iments  for  each  entry.  The  measurements  included  four  independent  pulses  that  were 
simulated  using  (4.1)  through  (4.4)  for  two  targets  symmetrically  located  about  the 
antenna  boresight  at  various  off-axis  angles.  The  decision  rule  was  implemented  with 
=  18-5  to  achieve  a  Pfdmt  =  0.01.  The  solid  lines  correspond  to  simulation  results 
with  Rja  =  $R2  =  10  dB,  3?*i  =  UR2  =  13  dB,  and  $Rl  =  $R2  =  16  dB,  while  the 
dot  lines  correspond  to  the  predicted  performance  based  on  the  results  of  the  previous 
section.  Figure  6.5  shows  that  the  simulated  performance  of  the  detection  algorithm 
agrees  well  with  the  performance  predictions. 
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The  simulation  studies  that  were  conducted  for  Figure  6.5  were  also  conducted 
for  two  fixed-amplitude  targets  to  assess  the  performance  of  the  algorithm  when  the 
targets  are  fixed-amplitude  rather  than  Rayleigh.  The  results  of  that  simulation 
study  are  given  in  Figure  6.6.  Thus,  for  two  fixed-amplitude  targets,  the  simulated 
performance  of  the  detection  algorithm  exceeds  the  performance  predictions  for  two 
unresolved  Rayleigh  targets.  Note  that  the  GML  detection  algorithm  in  this  chapter 
was  developed  for  Rayleigh  targets,  and  a  better  algorithm  may  exist  for  the  detection 
of  the  presence  of  unresolved  targets  with  fixed- amplitudes.  In  fact,  if  the  targets  are 
known  to  have  only  amplitudes  that  are  fixed  and  with  random  relative  phases,  the 
results  of  Section  3.8  indicate  clearly  that  the  measured  amplitude  of  the  sum  signal 
can  be  used  to  detect  the  presence  of  unresolved  targets  with  fixed-amplitudes. 

The  predicted  performance  of  the  detection  algorithm  in  [51]  with  five  pulses  is 
cited  for  two  15-dB  Rayleigh  targets  (i.e.,  SNR  =  18  dB)  situated  symmetrically 
about  the  boresight  as  Pqmt  =  0.77  and  Pfdmt  —  0.05.  Note  that  the  performance 
predictions  in  [51]  are  based  on  the  use  of  the  true  SNR  and  DOA  in  the  selection 
of  the  detection  threshold,  while  the  detection  threshold  for  the  GML  algorithm 
developed  in  this  chapter  does  not  require  this  knowledge.  The  case6  considered  in 
[51]  corresponds  to  r}\  =  —772  =  0.25  and  =  3? #2  =  15  dB,  which  gives  p  =  1.0  and 

q  =  4.94.  For  this  case,  the  predicted  performance  of  the  GML  detection  algorithm 
with  five  pulses  is  Pfdmt  —  0.05  and  Pdmt  —  0.94.  A  Monte  Carlo  simulation 
with  25,000  experiments  was  conducted  to  confirm  the  performance  improvement. 
The  decision  rule  was  implemented  with  A^  =  16.9  to  achieve  a  PpDMT  =  0.05. 
The  percent  of  detections  in  the  Monte  Carlo  simulations  was  94  percent.  Thus,  the 
predicted  performance  agrees  with  that  of  the  simulations  as  shown  in  Figure  6.5. 
Also,  for  this  case,  the  predicted  performance  of  the  GML  detection  algorithm  with 
three  pulses  is  Pfdmt  =  0.05  and  Pdmt  —  0.81.  The  decision  rule  was  implemented 
with  A  =  11.1  to  achieve  a  Pfdmt  —  0.05,  and  the  percent  of  detections  in  the  Monte 
Carlo  simulations  was  81  percent.  Thus,  the  simulation  results  confirm  the  superior 
performance  of  the  GML  algorithm.  Furthermore,  the  GML  algorithm  without  a 
priori  knowledge  of  SNR  and  DOA  provides  better  detection  than  the  algorithm  in  [51] 
with  knowledge  of  the  SNR  and  DOA.  This  improvement  in  detection  performance 
can  be  attributed  to  the  use  of  the  amplitude-conditioned  PDF  of  the  monopulse 
ratios  and  the  use  of  the  likelihood  ratio  for  the  detection  [22,  p.  64]. 

^  Since  ^  was  omitted  from  the  trigonometric  functions  in  [51],  this  case  does  not  correspond  to  two  targets 
separated  by  one-half  beamwidth  as  stated  in  [51] . 
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'igure  6.4  Simulation  Results  for  Target  1  at  the  Antenna  Boresight 


Figure  6.5  Simulation  Results  for  Two  Targets  Symmetric  About  the  Boresight 
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Figure  6.6  Simulation  Results  for  Two  Fixed-Amplitude  Targets  Symmetric  About 
the  Boresight 

Concluding  Remarks 

The  Neyman-Pearson  algorithm  for  GML  detection  of  the  presence  of  multiple 
unresolved  Rayleigh  targets  requires  no  a  priori  specifications  of  the  SNR  or  DO  A 
of  the  target  of  interest.  However,  the  design  value  of  the  false-alarm  rate  is  not 
necessarily  achieved  with  four  pulses  when  the  SNR  is  7  dB  and  below,  and  the  DOA 
is  near  one-half  of  a  beamwidth  off  the  antenna  boresight.  Also,  the  probability 
of  detecting  target  multiplicity  with  fewer  than  six  pulses  and  targets  of  moderate 
SNRs  (i.e.,  13  dB  or  less)  is  shown  by  Figure  6.2  to  be  very  low  when  the  targets  are 
separated  by  less  than  one-fourth  of  a  beamwidth.  The  performance  predictions  that 
were  found  agree  very  well  with  the  results  of  Monte  Carlo  simulations. 

The  GML  detection  algorithm  without  knowledge  of  the  SNR  and  DOA  was 
shown  via  simulations  to  be  superior  to  the  detection  algorithm  developed  in  [51] 
that  requires  knowledge  of  the  SNR  and  DOA  to  set  the  detection  threshold.  For  two 
unresolved  Rayleigh  targets  separated  by  one-half  of  a  beamwidth,  the  new  algorithm 
with  five  pulses  provides  PpMT  =  0.94  for  a  Pfdmt  =  0.05,  while  the  algorithm  of 
[51]  provides  Pdmt  =  0.77  for  a  Pfdmt  =  0.05.  Also,  for  this  case  from  [51],  the 
performance  of  the  GML  detection  algorithm  with  three  pulses  was  Pfdmt  —  0.05 
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and  PjjMT  —  0.81.  Thus,  the  GML  detection  algorithm  with  three  pulses  provides 
better  detection  than  the  algorithm  of  [51]  with  five  pulses.  Also,  the  design  of  the 
GML  detection  algorithm  is  easier  than  the  design  of  the  algorithm  in  [51]  in  that  the 
design  of  the  GML  algorithm  involves  the  chi-square  distribution,  while  the  design  of 
the  algorithm  in  [51]  involves  the  F-distribution  [52,  p.  946], 

The  statistics  associated  with  detection  of  the  presence  of  two  unresolved,  fixed- 
amplitude  targets  is  intractable.  However,  the  simulations  results  showed  that  the 
GML  detection  algorithm  provides  detection  of  the  presence  of  unresolved  targets 
with  fixed  amplitudes  that  exceeds  the  predicted  performance  for  two  unresolved 
Rayleigh  targets. 
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Chapter  7 

CONCLUSIONS  AND  FUTURE  RESEARCH 

When  target  echoes  interfere  in  a  monopulse  radar  system,  the  DOA  estimate 
indicated  by  the  in-phase  monopulse  ratio  can  wander  far  beyond  the  angular  sepa¬ 
ration  of  the  targets.  In  addition  to  closely-spaced  targets,  the  problem  of  unresolved 
or  merged  measurements  also  occurs  when  targets  are  observed  in  the  presence  of 
jammer  signals  or  sea-surface- induced  multipath.  The  failure  to  detect  the  presence 
of  this  interference  and  address  it  in  the  DOA  estimation  can  be  catastrophic  to  the 
performance  of  the  tracking  algorithm,  since  its  position  and  velocity  estimates  de¬ 
termine  the  association  of  any  subsequent  measurements  to  the  target.  Monopulse 
processing  for  tracking  unresolved  targets  was  addressed  through  amplitude  estima¬ 
tion  and  discrimination,  probability  distribution  of  the  complex  monopulse  ratio, 
DOA  estimation,  and  detection  of  the  presence  of  unresolved  targets. 

Estimation  of  the  target  amplitude  parameters  and  discrimination  between  vari¬ 
ous  models  for  the  target  amplitude  fluctuations  were  considered  in  Chapter  3.  The 
PDF  of  the  measured  amplitude  of  the  sum  signal  was  developed  for  M  unresolved 
Rician  targets.  CRLBs,  ML  estimators,  and  MM  estimators  were  developed  for 
the  amplitude  parameters  of  Rayleigh,  fixed-amplitude,  new  dominant-plus-Rayleigh, 
and  Rician  targets.  The  waveform  requirements  for  reliable  discrimination  between 
Rayleigh,  fixed-amplitude,  and  dominant-plus-Rayleigh  targets  were  also  be  consid¬ 
ered.  The  PDF  of  the  measured  amplitude  of  two  unresolved  Rician  targets  was 
studied  and  shown  to  conflict  with  the  results  of  [17].  MM  estimators  were  developed 
for  the  target  amplitudes  of  two  unresolved,  fixed-amplitude  targets,  and  the  target 
amplitude  and  the  cosine  of  the  phase  difference  between  the  target  and  specular 
reflections  from  the  sea  surface.  Future  research  includes  the  development  of  ROC 
curves  for  the  detection  of  the  new  dominant-plus-Rayleigh  target  and  the  extension 
of  the  results  for  a  fixed-amplitude  target  in  multipath  to  a  Rayleigh  target  in  multi- 
path.  Other  research  opportunities  include  the  extension  of  the  technique  for  target 

157 


NSWCDD/TR-9T/167 

amplitude  discrimination  to  multiple  radar  dwells  and  optimal  allocation  of  radar 
resources  for  discrimination. 

The  amplitude-conditioned  PDF  and  the  statistics  of  the  complex  monopulse  ra¬ 
tio  are  developed  in  Chapter  4  for  M  unresolved  Rician  targets.  Conditioning  the 
PDF  of  the  monopulse  ratio  on  the  measured  amplitude  of  the  sum  signal  gives 
in-phase  and  quadrature  monopulse  ratios  that  are  approximately  Gaussian  random 
variables  so  that  the  PDF  is  specified  approximately  by  the  means  and  variances.  The 
amplitude-conditioned  PDF  and  the  statistics  were  developed  for  various  cases  of  a 
single  target  and  two  unresolved  targets,  and  a  fixed-amplitude  target  in  the  presence 
of  sea-surface-induced  multipath.  For  a  single  pulse  and  a  resolved  target,  the  in-phase 
and  quadrature  monopulse  ratios  were  shown  to  be  uncorrelated,  non-Gaussian  ran¬ 
dom  variables  for  a  nonzero  DOA,  and  the  marginal  PDF  of  the  quadrature  ratio 
was  shown  to  have  a  mean  of  zero  and  be  symmetric  about  zero  for  all  DO  As.  For 
M  unresolved  Rayleigh  targets,  the  in-phase  and  quadrature  monopulse  ratios  were 
shown  to  be  conditionally  independent,  Gaussian  random  variables  with  equal  vari¬ 
ances,  and  the  quadrature  monopulse  ratio  was  shown  to  have  a  mean  of  zero.  The 
PDF  and  statistics  of  the  monopulse  ratios  were  also  developed  for  the  case  of  two 
unresolved,  fixed-amplitude  targets  with  a  given  relative  phase.  Future  research  will 
involve  the  development  of  the  statistics  of  the  monopulse  ratios  for  a  random  relative 
phase  and  two  fixed-amplitude  targets.  These  statistics  for  a  random  phase  could  be 
used  to  detect  the  presence  of  two  unresolved,  fixed-amplitude  targets  and  estimate 
the  DOAs.  The  PDF  and  statistics  of  the  monopulse  ratios  were  also  developed  for 
a  fixed-amplitude  target  in  the  presence  of  sea-surface-induced  multipath.  Further 
research  will  involve  the  extension  of  the  statistics  for  a  fixed- amplitude  target  to  a 
Rayleigh  target  in  the  presence  of  sea-surface-induced  multipath. 

DOA  estimation  was  considered  in  Chapter  5  for  single  resolved  targets  and  two 
unresolved  targets.  For  a  single  target,  the  DOA  estimation  with  multiple  pulses 
from  a  Rayleigh  target  was  considered  along  with  single-pulse  DOA  estimation.  DOA 
estimation  was  also  considered  for  a  Rayleigh  target  in  the  presence  of  a  Gaussian 
noise  jammer  and  two  unresolved  Rayleigh  targets  with  known  relative  RCS.  Further 
research  is  needed  to  relax  this  requirement  for  a  known  relative  RCS.  One  potential 
approach  to  relaxing  this  requirement  involves  the  use  of  two  spatially-offset  radar 
dwells.  However,  development  of  the  DOA  estimation  algorithm  is  not  considered 
in  this  report,  because  the  estimation  algorithm  and  the  associated  analysis  will 
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be  quite  cumbersome.  Further  research  is  needed  to  develop  a  technique  for  DOA 
estimation  for  two  unresolved,  fixed- amplitude  targets  and  a  fixed-amplitude  target 
in  the  presence  of  multipath.  Further  research  is  also  needed  to  identify  the  system- 
level  benefits  of  array  signal  processing  [2]  versus  monopulse  processing  for  DOA 
estimation  of  unresolved  targets. 

The  detection  of  the  presence  of  two  unresolved  Rayleigh  targets  was  considered 
in  Chapter  6.  A  GLRT  was  used  to  develop  a  Neyman- Pearson  algorithm  for  the 
detection  of  the  presence  of  unresolved  Rayleigh  targets,  and  performance  predictions 
of  the  new  algorithm  were  shown  to  agree  closely  with  the  results  of  simulation  studies. 
Further  research  is  needed  to  develop  a  technique  for  detecting  the  presence  of  two 
unresolved,  fixed-amplitude  targets.  This  effort  will  again  require  the  development 
of  the  PDF  and  statistics  for  two  unresolved,  fixed-amplitude  targets  with  random 
relative  phase  as  discussed  above.  However,  simulations  results  showed  that  the 
GML  detection  algorithm  developed  in  Chapter  6  provides  detection  of  the  presence 
of  unresolved  targets  with  fixed  amplitudes  that  exceeds  the  predicted  performance 
for  two  unresolved  Rayleigh  targets. 

While  additional  research  is  needed  to  develop  the  algorithms  for  supporting  the 
tracking  of  unresolved  targets  with  fixed  amplitudes,  the  basic  algorithms  needed  to 
support  the  tracking  of  two  unresolved  Rayleigh  targets  has  been  completed  in  this 
report.  These  basic  algorithms  involve  the  detection  of  the  presence  of  unresolved 
Rayleigh  targets  and  DOA  estimation  for  two  unresolved  Rayleigh  targets.  Previous 
approaches  to  DOA  estimation  of  unresolved  targets  require  a  priori  knowledge  of 
the  number  of  targets  present  (usually  restricted  to  two),  a  very  high  SNR  (often  40 
to  50  dB),  and  the  absence  of  irregular  or  diffuse  reflections.  Through  a  stochastic 
approach  to  the  tracking  of  unresolved  targets,  these  restrictions  have  been  relaxed 
for  Rayleigh  targets.  The  requirement  for  a  priori  knowledge  of  the  number  of  targets 
has  been  relaxed  to  one  or  two  targets,  where  the  presence  of  unresolved  targets  is 
detected,  not  known  a  priori.  The  required  SNR  is  relaxed  from  40  dB  to  near  20 
dB,  which  is  achievable  with  conventional  monopulse  radars.  The  required  absence  of 
irregular  or  diffuse  reflections  has  been  relaxed  through  the  inclusion  of  models  for  the 
target  amplitude  fluctuations  in  the  problem  formulations  (e.g.,  a  Rayleigh  target). 
However,  to  fully  utilize  the  results  of  this  report,  the  results  must  be  incorporated 
into  the  tracking  (i.e.,  state  estimation)  and  data  association  algorithms  [53].  One 
approach  to  the  state  estimation  and  data  association  involves  the  Nearest-Neighbor 
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Probabilistic  Data  Association  (NNPDA)  algorithm  [54].  The  NNPDA  algorithm 
assigns  measurements  to  tracks  under  the  hypotheses  of  one  target  or  two  targets. 
The  addition  of  a  hypothesis  of  unresolved  targets  will  allow  the  NNPDA  algorithm 
to  address  the  tracking  of  closely- spaced  or  unresolved  targets.  This  NNPDA  Merged 
Measurements  (NNPDAMM)  algorithm  would  utilize  the  PDFs  used  in  Chapter  6  as 
measures  of  the  likelihood  of  a  merged  measurement  (i.e.,  unresolved  targets)  for  the 
data  association. 


160 


NSWCDD/TR-97/167 


REFERENCES 


1.  S.  M.  Sherman,  Monopulse  Principles  and  Techniques ,  Artech  House,  Inc., 
Dedham,  MA,  1984. 

2.  S.  Haykin,  Ed.,  Array  Signal  Processing,  Prentice-Hall,  Inc.,  Englewood  Cliffs, 
NJ,  1985. 

3.  I.  Kanter,  “Multiple  Gaussian  Targets:  The  Track-on-Jam  Problem,”  IEEE 
Trans.  Aero.  Elect.  Sys.,  Nov  1977,  pp.  620-623. 

4.  S.  M.  Sherman,  Complex  Indicted  Angles  in  Monopulse  Radar,  Ph.D.  Disserta¬ 
tion,  University  of  Pennsylvania,  1965. 

5.  D.  K.  Barton,  “Low-Angle  Radar  Tracking,”  Proc.  of  IEEE,  Jun  1974,  pp.  687- 
704. 

6.  P.  Z.  Peebles  and  R.  S.  Berkowitz,  “Multiple- Target  Monopulse  Radar  Process¬ 
ing  Techniques,”  IEEE  Trans.  Aero.  Elect.  Sys.,  Nov  1968,  pp.  845-854. 

7.  W.  D.  White,  “Low  Angle  Radar  Tracking  in  the  Presence  of  Multipath,”  IEEE 
Trans.  Aero.  Elect.  Sys.,  Nov  1974,  pp.  835-852. 

8.  A.  A.  Ksienski  and  R.  B.  McGhee,  “A  Decision  Theoretic  Approach  to  the 
Angular  Resolution  and  Parameter  Estimation  Problem  for  Multiple  Targets,” 
IEEE  Trans.  Aero.  Elect.  Sys.,  May  1968,  pp.  443-455. 

9.  D.  K.  Barton,  Ed.,  Radar  Resolution  &  Multipath  Effects,  Artech  House,  Inc., 
Dedham,  MA,  1975. 

10.  Y.  Bar-Shalom,  and  X.R.  Li  Estimation  and  Tracking:  Principles,  Techniques, 
and  Software,  Artech  House,  Inc.,  Norwood,  MA,  1993. 

11.  H.  L.,  Van  Trees,  Detection,  Estimation,  and  Modulation  Theory,  John  Wiley 
&  Sons,  Inc.,  1968. 

12.  A.  Papoulis,  Probability,  Random  Variables,  and  Stochastic  Processes,  2nd  Ed., 
McGraw-Hill,  Inc.,  New  York,  NY,  1984. 

13.  I.  S.  Gradshteyn  and  I.M.  Ryzhik,  A.  Jeffrey,  Ed.,  Table  of  Integrals,  Series,  and 
Products,  Fifth  Edition,  A.  Jeffrey,  Ed.,  Academic  Press,  Inc.,  San  Diego,  CA, 
1990. 

14.  M.  I.  Skolnik,  Introduction  to  Radar  Systems,  McGraw-Hill,  Inc.,  New  York, 
NY,  1980. 

15.  J.V.  DiFranco  and  W.L.  Rubin,  Radar  Detection,  Artech  House,  Inc.,  Dedham, 
MA,  1980. 


161 


NSWCDD/TR-97/167 

16.  W.  D.  Blair  and  M.  Brandt-Pearce,  “Estimation  and  Discrimination  for  Swerling 
Targets,  Proc.  of  28th  IEEE  Southeastern  Symp.  on  Sys.  Theory,  Baton  Rouge, 
LA,  Apr  1996,  pp.  280-284. 

17.  J.  K.  Jao  and  M.  Elbaum,  “First-Order  Statistics  of  a  Non-Rayleigh  Fading 
Signal  and  Its  Detection,”  Proc.  of  the  IEEE,  Jul  1978,  pp.  781-789. 

18.  S.  0.  Rice,  “Mathematical  Analysis  of  Random  Noise,”  Selected  Papers  on  Noise 
and  Stochastic  Processes,  N.  Wax,  Ed.,  Dover,  New  York,  NY,  1954. 

19.  H.  Stark  and  J.  W.  Woods,  Probability,  Random  Processes,  and  Estimation 
Theory  for  Engineers,  Prentice-Hall,  Inc.,  Englewood  Cliffs,  NJ,  1986. 

20.  E.  Daeipour,  W.  D.  Blair,  and  Y.  Bar-Shalom,  “Bias  Compensation  and 
Tracking  With  Monopulse  Radars  in  the  Presence  of  Multipath,”  IEEE  Trans. 
Aero.  Elect.  Sys.,  Jul  1997. 

21.  G.  W.  Groves,  W.  D.  Blair,  and  J.  E.  Conte,  Monopulse  Radar  and  Tracking 
Simulation  for  Study  of  Multipath  Effects,  Naval  Surface  Warfare  Center 
Dahlgren  Division,  Technical  Report  NSWCDD/TR-97/30,  Mar  1997. 

22.  D.  Kazakos  and  P.  Papantoni-Kazakos,  Detection  and  Estimation,  Computer 
Science  Press,  New  York,  NY,  1990. 

23.  E.  Koos,  “Digital  RF  Memories  Enter  Second  Decade,”  Journal  of  Electronic 
Defense,  Aug  1985,  pp.  49-51. 

24.  W.  D.  Blair  and  G.  A.  Watson,  Benchmark  Problem  for  Radar  Resource  Allo¬ 

cation  and  Tracking  Maneuvering  Targets  in  the  Presence  of  ECM,  Naval  Sur¬ 
face  Warfare  Center  Dahlgren  Divison  Technical  Report  NSWCDD/TR-96/10, 
Sep  1996.  ' 

25.  K.  K.  Talukdar  and  W.  D.  Lawing,  “Estimation  of  the  Parameters  of  the  Rice 
Distribution,”  Journal  of  Acoustical  Society  of  America,  Mar  1991,  pp.  1193- 
1197. 

26.  R.  Manasse,  “Maximum  Angular  Accuracy  of  Tracking  a  Radio  Star  by  Lobe 
Comparison,”  IRE  Trans.  Ant.  and  Prop.,  Jan  1960,  pp.  50-56. 

27.  S.  Sharenson,  “Angle  Estimation  Accuracy  With  a  Monopulse  Radar  in  the 
Search  Mode,”  IRE  Trans.  Aero,  and  Nav.  Elect.,  Sep  1962,  pp.  175-179. 

28.  I.  Ranter,  “The  Probability  Density  Function  of  the  Mohopulse  Ratio  for  N 
Looks  at  a  Combination  of  Constant  and  Rayleigh  Targets,”  IEEE  Trans.  Infor. 
Theory,  Sep  1977,  pp.  643-648. 

29.  I.  Ranter,  “Multiple  Gaussian  Targets:  The  Track-on-Jam  Problem,”  IEEE 
Trans.  Aero.  Elect.  Sys.,  Nov  1977,  pp.  620-623. 

30.  I.  Ranter,  “Three  Theorems  on  the  Moments  of  the  Monopulse  Ratio,”  IEEE 
Trans.  Infor.  Theory,  Mar  1978,  pp.  272-276. 

31.  I.  Ranter,  “The  Effect  of  Jamming  on  Monopulse  Accuracy,”  IEEE  Trans  Aero 
Elect.  Sys.,  Sep  1979,  pp.  738-741. 

32.  I.  Ranter,  “Varieties  of  Average  Monopulse  Responses  to  Multiple  Targets,” 
IEEE  Trans.  Aero.  Elect.  Sys.,  Jan  1981,  pp.  25-28. 

33.  S.  J.  Asseo,  “Detection  of  Target  Multiplicity  Using  Quadrature  Monopulse 
Angle,”  IEEE  Aero.  Elect.  Sys.,  Mar  1981,  pp.  271-280. 


162 


NSWCDD /TR-97/167 

34.  B.  E.  Tullsson,  “Monopulse  Tracking  of  Rayleigh  Targets:  A  Simple  Approach,” 
IEEE  Trans.  Aero.  Elect.  Sys.,  May  1991,  pp.  520-531. 

35.  A.  D.  Seifer,  “Monopulse- Radar  Angle  Tracking  In  Noise  or  Noise  Jamming,” 
IEEE  Trans.  Aero.  Elect.  Sys.,  Jul  1992,  pp.  622-637. 

36.  A.  D.  Seifer,  “Monopulse-Radar  Angle  Measurement  in  Noise,”  IEEE  Trans. 
Aero.  Elect.  Sys.,  Jul  1994,  pp.  950-957.. 

37.  G.  W.  Groves,  W.  D.  Blair,  and  W.  C.  Chow,  “Probability  Distribution  of  the 
Complex  Monopulse  Ratio  with  Arbitrary  Correlation  Between  the  Channels,” 
IEEE  Trans.  Aero.  Elect.  Sys.,  Oct  1997. 

38.  B.  H.  Borden,  and  M.  L.  Mumford,  “A  Statistical  Glint/Radar  Cross  Section 
Model,”  IEEE  Trans.  Aero.  Elect.  Sys.,  Apr  1983,  pp.  781-785. 

39.  A.  M.  Mood,  F.  A.  Graybill,  and  D.  C.  Boes,  Introduction  to  the  Theory  of 
Statistics,  3rd  Ed.,  McGraw-Hill,  Inc.,  New  York,  NY,  1974. 

40.  E.  Mosca,  “Maximum  Likelihood  Angle  Estimation  in  Amplitude  Comparison 
Monopulse  Systems  Operation  On  a  Signal  Pulse  Bias,”  Alta  Frequenza  (English 
Issue),  May  1968,  pp.  408-414. 

41.  E.  Mosca,  “Angle  Estimation  in  Amplitude  Comparison  Monopulse  Systems,” 
IEEE  Trans.  Aero,  and  Elect.  Sys.,  Mar  1969,  pp.  205-212. 

42.  S.  M.  Sherman,  “Complex  Indicated  Angles  Applied  To  Unresolved  Targets  and 
Multipath,”  IEEE  Trans.  Aero,  and  Elect.  Sys.,  Jan  1971,  pp.  160-170. 

43.  F.  E.  Daum,  ’’Angular  Estimation  Accuracy  for  Unresolved  Targets,”  Proc.  of 
1987  American  Control  Conference,  Minneapolis,  MN,  Jun  1987,  pp.  1135-36. 

44.  R.  S.  Berkowitz  and  S.  M.  Sherman,  “Information  Derivable  from  Monopulse 
Radar  Measurements  of  Two  Unresolved  Targets,”  IEEE  Trans.  Aero,  and  Elect. 
Sys.,  Sep  1971,  pp.  1011-1013. 

45.  P.  Z.  Peebles,  and  L.  Goldman,  “Radar  Performance  with  Multipath  Using 
Complex  Angle,”  IEEE  Trans.  Aero,  and  Elect.  Sys.,  Jan  1971,  pp.  171-178. 

46.  M.  D.  Symonds  and  J.  M.  Smith,  “Multifrequency  Complex-Angle  Tracking  of 
Low-Level  Targets,”  Proc.  of  IEE  International  Radar  Conf.,  London,  England, 
Oct  23-25,  1973,  pp.  166-171. 

47.  D.  D.  Howard,  S.  M.  Sherman,  and  D.  N.  Thomson,  “Experimental  Results 
of  the  Complex  Indicated  Angle  Technique  for  Elevation  Measurements  in  the 
Multipath  Region,”  IEEE  Trans.  Aero.  Elect.  Sys.,  Nov  1974,  pp,  779-784. 

48.  Y.  Bar-Shalom  and  T.  E.  Fortmann,  Tracking  and  Data  Association,  Academic 
Press,  Inc.,  Orlando,  FL,  1988. 

49.  S.  J.  Asseo,  “Effect  of  Monopulse  Signal  Thresholding  on  Tracking  Multiple 
Targets,”  IEEE  Trans.  Aero.  Elect.  Sys.,  Jul  1974,  pp.  504-509. 

50.  R.  J.  McAulay  and  T.  P.  McGarty,  “Maximum-Likelihood  Detection  of  Unre¬ 
solved  Radar  Targets  and  Multipath,”  IEEE  Trans.  Aero.  Elect.  Sys.,  Nov  1974, 
pp.  821-829. 

51.  P.  L.  Bogler,  “Detecting  the  Presence  of  Target  Multiplicity,”  IEEE  Trans.  Aero. 
Elect.  Sys.,  Mar  1986,  pp.  197-203. 


163 


NSWCDD/TR-97/167 

52.  M.  Abramowitz  and  I.  A.  Stegun,  Ed.,  Handbook  of  Mathematical  Functions , 
with  Formulas,  Graphs,  and  Mathematical  Tables,  U.S.  Government  Printing 
Office,  Washington,  DC,  1972,  and  John  Wiley  k  Sons,  Inc.  1972. 

53.  Y.  Bar-Shalom  and  X.  R.  Li,  Multitarget-Multisensor  Tracking:  Principles  and 
Techniques,  YBS  Publishers,  Box  U-157,  Storrs,  CT,  1995. 

54.  R.  J.  Fitzgerald,  “Development  of  Practical  PDA  Logic  for  Multitarget  Track¬ 
ing  by  Multiprocessor,”  in  Multitarget-Multisensor  Tracking:  Advanced  Appli¬ 
cations,  Y.  Bar-Shalom,  Ed.,  Artech  House,  Inc.,  Norwood,  MA,  1990. 


164 


NSWCDD/TR-97/167 


Appendix  A 

DERIVATION  OF  THE  PDF  AND  STATISTICS 
OF  THE  COMPLEX  MONOPULSE  RATIO  FOR 
UNRESOLVED  RICIAN  TARGETS 


In  a  typical  monopulse  radar  system,  the  outputs  of  the  receivers  are  match 
filtered,  and  the  in-phase  and  quadrature  portions  of  the  sum  and  difference  signals 
for  the  merged  measurements  from  M  Rician  targets  can  be  expressed  as 

&I 

di 

dq 

where 


Y  (&i  cos  fa  +  fa  cos  +  nSi 
i= 1 

M 

Y  (<*»  sin  Pi  +  Pi  sin  <fii )  +  nSQ 

i=l 

M 

Y  (aiVi  cos  Pi  +  PiVi  cos  V?,)  +  ndI 
1=1 

M 

Y  sin  Pi  +  PiVi  sin  <fi2j  +  ndQ 


(A.1) 

(A.2) 

(A.3) 

(A.4) 


a,-  =  amplitude  from  the  fixed-amplitude  part  of  target  i 
Pi  =  amplitude  from  the  Rayleigh  part  of  target  i 
pi  =  phase  of  the  fixed- amplitude  part  of  target  i 
ifi  =  phase  of  the  Rayleigh  part  of  target  i 
r)i  =  Direction-Of- Arrival  (DOA)  parameter  of  target  i 
nSI  ~  AT(0,cr|) 
nsQ  ~  N(0, 4) 

ndI~N(0,crd ) 

ndQ  ~  N(0,  <jj) 
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with  N(x,  a2)  denoting  a  Gaussian  distribution  with  mean  x  and  variance  <r2.  Also, 
with  E[-]  denoting  expected  value, 


E[nsinsQ]  =  0 

(A.  5) 

E[ndindq}  =  0 

(A.6) 

E[nsindj]  =  per  s&d 

(A.7) 

E[nsQUdQ ]  =  pcrscrd 

(4.8) 

The  phases,  y>,-,  are  independent  and  uniformly  distributed  on  ( — tt, tt].  The  Rayleigh 
parts  of  the  target  amplitudes  are  also  independent,  and  the  PDF  of  the  Rayleigh 
part  of  target  i  is  given  by 

/(W» o)  =  exP  -A-  ,  Pi>  0  (A.9) 

Pio  L  ZPiO 

Since  fa  are  Rayleigh  distributed  and  the  <pi  are  uniformly  distributed  on  (-7 r,  tt], 
sIi  sq,  d 7,  and  dq  are  jointly  Gaussian,  independent  random  variables,  when  the  cx.{ 


and  <f>i  are  given.  Let 

M 

SI  =  £[s/|0]  =  Y^ai  cos  &  (A. 10) 

2=1 
M 

SQ  =  ^[«o|0]  =  sin  4>i  (All) 

i=  1 
M 

5/  =  E[dj\Q]  =  y; cos  (A12) 

2=1 
AT 

dq  =  E[dQ\Q]  =  ^  aiTji  sin  </>,•  (A.13) 

i'=l 

where  ©  is  the  parameter  set  {«i,  /?io,  >/i.  •  •  • , <*M,  4>m,Pmo,  VM,  <rs, °d}-  Also,  let 

M 

Pn  =  VAR[s,|0]  =  VAR[sq|0]  =  +  4  (A.  14) 

2=1 

M 

P22  =  VAR[d/|0]  =  VAR[dg|0]  =  ijfpfQ  +  crj  (A.15) 

i=i 

M 

P12  =  COV[s/,d/|0]  =  COV[.sg,dg|0]  =  ^PiPiQ  +  pcrscrd  (A.16) 

*=l 

where  VAR[-]  denotes  variance  and  COV[-,  •]  denotes  covariance.  Note  that 

COV[s/,sg|0]  =  CO  V[d/ ,  dq  1 0]  =  0  (A.17) 
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COV[shdQ\e]  =  COV[J/,sq|@]  =  0 


(A18) 


Letting  A  and  ip  denote  the  measured  amplitude  and  phase  of  the  sum  signal 


gives 


sj  =  A  cos  ip 
sq  —  A  sin  ip 


(A.  19) 
(A.  20) 


where  —7 r  <  ip  <  it.  Writing  the  measured  amplitude  of  the  sum  signal  in  terms  of 
SNR  gives 

=  2^|  (A21) 

where  9£0  is  referred  to  as  the  observed  SNR. 

The  SNR  of  Rician  target  i  is  given  by 


3?i  =  i£[9?oj0]  = 


(A.  22) 


where 

®Fi  =  7^2  (^*23) 

=  4  (^.24) 

as 

Thus,  denotes  the  SNR  associated  with  the  fixed-amplitude  part  of  target  i,  and 
film  denotes  the  SNR  associated  with  the  Rayleigh  part  of  target  i.  Also,  let 

M 

$Fi 

1=1 
M 

= y,  $Ri 

i— 1 

The  development  of  the  PDF  of  the  observed  SNR  utilizes  the  PDF  of  the 
measured  amplitude  A,  which  is  derived  by  applying  the  transformation  of  random 
variables  in  (A. 19)  and  (A. 20)  to  the  PDF  of  sj  and  sq  and  integrating  the  results 
with  respect  to  ip.  The  following  theorem  gives  the  results  in  a  general  form. 

A-3 


(A.  25) 
(A.26) 
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Theorem  A.l  Let  the  in-phase  and  quadrature  signals  sj  and  sq  be  Gaussian 
signals  with 


si  =  £[.s/|0] 

(A.27) 

SQ  =  £[.Sq|0] 

(A.28) 

Pn  =  -E'tl'S/  -  s/)2|0]  =  £[(sq  -  5q)2|0] 

(A. 29) 

and  E[(sj  —  sj)(sq  —  sq)  |0]  =  0,  where  0  denotes  the  set  of  given  parameters.  Then 
the  PDF  of  the  measured  amplitude  of  the  signal  is  given  by 

A  _  /  A  rk  r\  r  1  „  ^  i 


/(A|e)  =  exp ^  -  _(A-  +  5}  +  3&)j  (A30) 

where  70(-)  is  the  zero-order  modified  Bessel  function  of  the  first  kind.  The  PDF  of 
the  observed  SNR  of  the  signal  is  given  by 


-[-2^<A2  +  5^ 


(A.30) 


m  ie)  =  w 

and 


1  r  (2y/W0 

i  i  1  <r\  i  i 


2 

I  |  SQ 

O  I  «  o 


+  1  °V^  +  1V2^  2<72o 


1 

Rr  + 


l(R»+2jf(52  +  *«)). 

(A31) 


£[SR„|0]  =  ^(^  +  5jS,)  +  K*  +  l 

s 

VAR[S„|0]  =  (fts  +  l)  +  4)  +  +  l) 


(A.32) 

(A.33) 


Proof: 

The  PDF  of  sj  and  sq  is  given  by 

/(s,’s«|6) = s^exp[  -  sr(<"  “  ~s,) 2 + (s®  “  Sq)2)]  (A34) 

Applying  the  transformation  of  random  variables  [A-l,  p.  143]  in  (A. 19)  and  (A.20) 
in  (A. 34)  gives 


/(A,V>|0)  =  2irpu  exP  “  2pi7  V  C°S  ^  +  ^  sin  ^  ~sQf) 

=  2^Texp  I "  2^7  (a2  +  *2/  +  5«) +  (*T  cos  +  s5n  ^)]  ( A35) 

Using  [A-2,  No.  3.937.2]  for  integration  of  (A. 35)  with  respect  to  ip  from  —  tt  to  tt 
gives  the  PDF  of  A  as 


/(A]©)  =  rfiKm 

J  —T 


A/, (A 

Pll  Npn 


/  +  52)exp  -  — -(A2  +  ^  +  4) 


(A. 36) 
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Using  the  transformation  of  the  random  variable  [A-l,  p.  95]  of  (A. 26)  in  (A. 36)  and 
expressing  pn  in  terms  of  gives  (A. 31).  Then  (A. 32)  is  given  by 


roo 

E[sft0|©]  =  /  /(»o|0)  d&0 

J  0 


$R  +  1 


exp 


X 


rn 


2VW0 

$R  +  1  V  2<7o  '  2 (To 


s2  «2 

SI  ,  SQ 
--  +  )  exp 


) 


-  2a*  ^  +  «q)  +  3Rr  +  1 


1 

+ 1- 


(A.37) 


where  [A-2,  No.  6.643.2]  provides  the  definite  integral.  Also,  (A. 33)  is  given  by 


poo 

e[^|0]  =  /  ^/(«.|e)  d$0 

Jo 


—  2(^j(<s/ +  5q)  +  ^  +  !)  “  (^2  (5/ +  5q))  (A.38) 

where  [A-2,  No.  6.643.2]  provides  the  definite  integral.  Using 

VAR[»o|0]  =  £[3^|0]  -  (£[3*O|0])2  (A.39) 


with  (A.37)  and  (A. 38)  gives  (A. 33).  Q.E.D. 

The  PDF  and  statistics  of  the  complex  monopulse  ratio  are  developed  next.  De¬ 
noting  s  =  sj  -f  jsg  and  d  =  dj  +  jdq,  the  in-phase  and  quadrature  parts  of  the 
monopulse  ratio  are  given  by 


y,  =  Be(  j)  = 
yQ  =  Im(j)  = 


difi  +  sqdg 

sj  + 

dqfl  ~  djSQ 

sj  +  s2q 


(A.40) 

(A.41) 


The  joint  PDF  of  yj  and  yQ  is  obtained  by  applying  the  one-to-one  transformation  of 
random  variables  of  (A. 19),  (A.20),  (A.40),  and  (A.41)  in  the  PDF  /(sj,  SQ,d/,dg|0), 
integrating  the  result  with  respect  to  and  conditioning  the  density  on  A.  The 
following  theorem  gives  the  result  in  a  general  form. 
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Theorem  A. 2  Let  the  in-phase  and  quadrature  parts  of  the  sum  and  difference 
signals  be  Gaussian  signals  with 


si  =  £[s/|0] 
sq  =  E[sq\Q] 
dj  =  E[di\Q] 
dQ  =  E[dQ  |6] 

Pn=E[(sI-sI)2\e]  =  E[(sQ-sQ)2\e) 

P22  =  E[(dj  -  djf  |©]  =  E[(dq  -  dQf  |0] 

P12  =  E[(sj  -  sj)(dj  -  d/)|0]  =  E[(sq  -  sq)(dq  -  5q)|0] 


(A.42) 
(A.43) 
(A. 44) 
(A. 45) 
(A. 46) 
(A.47) 
(A.48) 


and  E[(sj  —  sj)(sq  —  sq)|0]  =  E[(dj  —  dj)(dq  —  Sq)|0]  =  0,  where  0  denotes  the 
set  of  given  parameters.  Then  the  PDF  of  yj  and  yq  conditioned  on  the  measured 
amplitude  of  the  sum  signal  is  given  by 

/(pj,pq|A,0)  = - ~^7~\ 

27T(P11P22  -  Pi2Ko(— y  sj  +  S2qj 
..  r  (  Apil  r-  —  —  — T-\ 


'sj  +  S2q 


fo  ("  2~y/ Ai  +  A2  +  A3  4-  A4 

VPllP22  -  P12 


Pu  r 

(3i  ~  +  ( 

.  2(pnp22  -p\2)  [ 

A2pn  r 

_  pia'i2 .  „2i 

.  2(pnp22  -  p22)  L 

v"  Pu) 

where 


,  \fP22  Pl2,Pl2n  A2  ,  Pl2  2l/_2  ,  _2 

Al  =  Ksr _  Wi  a(1  _  Vl)> +  + 

a2  =  [  (w  -  j^)  +  Vq]  (dj  +  dq] 


(A.49) 

(A.50) 

(A.51) 


■*—Kf ”>)(S  - »)  -  g-i]  (■*  ♦  >*) » « 

A*  =  2  -Pu  -  pf^1  +  VqS>  +  Pn  ^ldq  -  ^J)  (A53) 

The  first-  and  second-order  moments  of  yj  and  yq  are  given  by 


%|A,6|  =  52  +  /„„(- 

Pn  1  V) 


/52  +  52  )  \SI~dI  +  ~SQdQ  P12 


^^KA.54) 


hjs2i  +  s2q 
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(Av 

s/  +  5q) 

G*1" 

1*^3 

*-■< 

t _ 

-  sqdi' 

Vpn  V 

j.  v  y 

A-i/pj 

!  1  q2 

r  +  J 

COV[w>!/q|A,0]  = 


VAR[w|A,0]  = 


dldQ( 5/  -  »g)  ~  'sIsQll^l  ~  dh>  Pi 2 

— ' — am + ip - AVTM«  “ 

x 

P11P22  -P12 

A2Pn 

[3/2/  +  -  PnPnisj  +  s2Q )]2  rW  A 

+  A2?if  +  S2  )  +  *<>) 


<PU 

Pu 


+  S2q 


A  2(sj  +  s2q) 

mnr  u  rM  PHP22-P12  ,  r*  /"  A  /_2  ,  -2  \  [5/^Q  “ 

VAR[W|A,e)=  a2----  +/.!.(— +4)  A2(52 


+  5o) 


+ 


Vj  -  Pl2\2  ,  -  Pl2 ^ 2"|  Pll 


x  /i|o(^\A*+se) 


(A.55) 


(A.56) 


(A.57) 


(A.58) 


where 


T  U\  Jl(*) 

A*o(*)  =  1  -  ^ioM  -  4(») 


(A. 59) 
(A.60) 


and  /1  (•)  is  the  first-order  modified  Bessel  function  of  the  first  kind. 

Proof: 

Let 


X  =  [si  dj  sq  dg ]T  (A.61) 

Since  the  sum  and  difference  signals  are  Gaussian  distributed  given  the  parameter  set 
0,  the  joint  PDF  of  the  signals  is  defined  by  the  mean  X  =  £[X|0]  and  covariance 
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P  =  E[(X  -  X){X  -  X)r|0].  Then 

si 


X  = 


P  = 


di 

~SQ 
dq 

Pn  P12  0 

P12  P22  0 

0 
0 


0 

0 


0  Pn  Pn 
0  P12  P22  J 


The  inverse  and  determinant  of  P  are  given  by 

1 


P-1  = 


(P11P22  -P12) 
\P\  =  (PUP22  -Pl2)2 


P22  ~P12 

-P12  Pn 

0  0 

0  0 


0 

0 

P22 


0 

0 

-Pu 


-P12  Pn 


Then 

me)  = 


471-2  (P11P22  -P12) 


exp  | 


(A.  62) 


(A.63) 


(A.64) 
(A. 65) 


P11 


2(/>iiP22  -P12)  Lph 
+  ( (di  -  di)2  +  ( dQ  -  dq)2^  -  ((sj  -  sj)(dj  -  dj) 


^((5/-5/)2  +  (sq-sq)2) 


+  ( sq  ~  sq){dq  -  dq ))  | 

Using  (A. 19),  (A. 20),  (A. 40),  and  (A. 41)  gives 


(A.66) 


dj  =  sjyj  -  sqyq  =  yj A  cost/)  -  yqk  sxnip  (A.67) 

dq  =  sjyq  +  sqyj  =  yqk  cosip  +  yjk  sin  ip  (A.68) 


Let 


Then 


(A.69) 


X  =  h(Y)  (A. 70) 

where  h(-)  is  a  one-to-one  transformation  of  random  variables  defined  by  (A.19), 
(A. 20),  (A.67),  and  (A.68).  Then 


dh(Y ) 
OX 


=  A3 


(A.71) 
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Using  the  transformation  of  random  variables  [A-l,  p.  173]  of  (A. 70)  in  (A. 66)  gives 


f(Y\Q)  47r2(pnp22  ~  Pn)  6XP{  2(pnp22 -Pi2) 

x  \?-¥-  (a2  +  s2  +  sq  —  2A (sj  cos  ip  +  sq  sin 


+  (A 2(y2  +  yq)  -  2yjA(dj  cos  ip  +  dq  sin  ip) 
-  2yqA(dq  cos  ip  -di  sin  ip)  +  d2  +  dq') 


—  2^-  ^A 2yi  —  A yi(sj  cos  ip  +  sq  sin  ip)  —  A yq(sq  cos  ip  —  sj  sin  ip) 


-  A (dj  cos  ip  +  dq  sin  ip)  +  sjdj  +  sqdq 


(A. 72) 


where  A  >  0,  —00  <  yi  <  +00,  —00  <  yq  <  +00,  and  —r  <  ip  <  z.  Completing  the 
squares  with  respect  to  yj  and  yq  in  (A.72)  gives 


/(yl0)  =  -TFT  exP 


4tt2(phP22  -P12)  l  ■ 

_  [  A2pn 

X  eXPl  2(PUP22  -  Ph)  _ 

\f,2  o 


|  -  y-  [a  +  s2  +  sq  -  2  A  (sj  cos  ip  +  sq  sin  ip )^  | 


x  ^2/7  -  cos  V’  +  sin  V>)  -  2 -  j-  cos  ip  -  ^  sin 

+  (yq  ~  2Vq(~^  cosip- sin  ipj  +  2yQ-(^-  cos  ip  -  ^  sin  ip 


,  ( d]  ,  dQ  0 Pnfsjdi  sqdq  dj  dQ  -  ,\ 

+  V  A2  +  A2  _  ("A2-  +  y  cos  ^  —  Sm  V 

„  .  .  ^2  cl 


+  sr0  +  F +  F  -  2X cos  sin  *)) 


exp  j  -  2~  +  si  +  sq  -  2  A  (sj  cos  ip  +  sq  sin  ip)^j  j 


/  fdl  1  ,  dQ  •  1  ,  P12  /,  s/  sq  .  , 

x  2/7  ~  (  ~r  cos  V  +  T"  sm  ip  H - (1  — —  cos  ip - j2-  sin  ip 

\  \A  A  Pn  V  A  A 

.  (  ,  fdi  ■  1  ,dQ  /  P12  /S7  .  sq  ,\\Y 

+  1 2/Q  +  ^  sm  ip  +  —  cos  - ^  sm  ip  -  cos  ipj  J  J 


A3  f  _ 

4tt2(piiP22  -Pi2)eXPl 

/  A2pn 

P|  2(PllP22-p22) 

IY.._ 


}  (a; 
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Using  (A. 30)  to  condition  the  PDF  of  (A. 73)  on  A  gives 

A2Pn 


/(^,2//,?/q|A,0)  = 


^HphP22  ~  p\2)h (&y/&~+  4) 


exp  |  - 


A2Pn 


Vi 


—  (^cos  0  +  -^-sin  V’  +  —  f 


Pn  V  A 


2(P11P22-Pi2) 

5(0  > 

cos  ip  — -^-sin  V’ 


+  (»«  +  ( jsin  V-  -  ^coS  V-  -  ^  ( jsin  0  -  ^cos  V-))  )  ]  } 


exp|- — ^57  cos  if)  +  sq  sin 
The  amplitude-conditioned,  joint  PDF  of  yj  and  yq  is  given  by 


(4.74) 


/(w.pq|a,0)  = 


A2pi 


l 


A2Pn 


x 


47r2(pnP22  - pf2)^o(^^!  +  4)  *  2(pnP22  “  P'2) 


X 


/*+7T 

dij)  exp<j  2  . 

-pi  l  (PllP22  ““  P\2) 

P12(SI  2j  (&QP\2  dQ\\  (PnP22-Pu- 

-  S7(  A  -  A )  +  -  t)  j 003  ^  +  (  Aril 


J  dip  expj  - 


A2p 


’11 


f  P11P22  —  P12  -  ,  f  &ip\2  dj' 

A rf,  S,  +  wf 


l 


p/Pl2  _  «(A 
\ Apn  A  / 
„2 


,  „  /«gPl2  <*q\  P12/5Q  <fg\  / 

+  W(AS7-Tj-S7(T-  a)-M 


f &IP\2  dl\\  .  . 

•  AST"  a)J“* 


) 


(4.75) 


Evaluating  the  integral  with  [A-2,  No.  3.937.2]  gives  the  amplitude-conditioned,  joint 
PDF  of  2/7  and  yq  in  (A.49). 

If  s/  =  sq  =  di  =  dq  =  0  in  (A. 75), 


/(w.»0|A,e,||X||  =  0)  =  -  -  A2f-  2  -  exp{  - 

2tt(phP22  -P12)  1  2(pnp22  -P12)  J 

=  /(w|A,  e,||*||  =  O)/(yQ|A,0||*||  =  0)  (A. 76) 


where 


/(w|A,  0,  ||*||  =  0)  =  7V(^,  ^llP22  P'2) 

Vpn  A^pn  J 

/(»«|A,e,m  =  0)  =  N(^x:h) 


(A.  77) 
(A. 78) 


A-10 


NSWCDD/TR-97/167 

Thus,  if  si  =  sq  =  dj  =  dq  =  0,  as  in  the  case  of  a  Rayleigh  target,  yj  and  yq 
are  conditionally  independent,  Gaussian  random  variables  with  variance  inversely 
proportional  to  A2  and  the  observed  SNR  of  (A. 26). 

Since  f(yj,yq\A,Q)  has  a  difficult  form  for  computing  the  moments  directly,  the 
joint  characteristic  function  [A-l,  p.  158]  of  yj  and  yq  is  used  and  given  by 

/oo  r  oo  r'K 

/  /  expljuiyi  +  iw2yQ]/(^,y/,yg|A,0)  dip  dyj  yq 

-OO  7—00  7~7T 

A2pn 

A_ 

^ Pn 


x 


x 


47T2(pnP22  -Pi2)/o(— yp1  +5q) 

J  dip  exp|  A  (si  cos  ip  +  sq  sin  ip^j  | 

/+00  r+00  ( 

„  L  dVI  iVQ  +  MyQ}  eXPi  '  2(pnP22  -  A) 

K/dj  .  .  dq  pu  (  si  sq  . 

w/  —  (  —  cos  ip  +  -J*-  sin  H - 1  1  — —  cos  ip - —  sm  ip 

\  A  A  Pn  v  A  A 


A2Pn 


A 

'h  . 


,  f  .  (d-i  .  .  dq  Pnfsi  .  .  sQ 

+  +  (,X  sm  ^  ”  A  COS  ^  sm  cos  V> 

1  f  (PllP22-P?2),  2  ,  2n  ,  -P12  1 

jy exp  ( — +  "2) + 

■/A.  .  .  /Sj  P12^J\  ,  ...  fdq  Pi2Sq\\ 


) 


[  , ,  (A_  ( dj  pi2sj\  .  /dQ  Pl2SQn  , 

L  *  eXPlVPn'S;  +JWlV  A  "  ^a)  +  «(t  J  “S  * 

r/A_  ,  .  Pl2^Q'\  .  fdl  P12SI\\  .  / 

exp  [  w ’« ■ + w lx  -  -^a  )  ~ 3U1 1  a  "  ^a  ) ) sm  *, 


(A.  79) 


Thus,  the  joint  characteristic  function  is  given  by 


$(wi,u>2)  = 


1 


{- 


(PllP22  -P12)/  2 


2pnA2 


(wj  +w§)  +  jj^u>  i| 


7°(— V^+4) 

x  Jo (s2  +  Sq)  —  (w2  +  tjfa)C\  +  2jo>i C2  +  2ju>2C^j  (A.80) 


Ci  =  x*[(2/  ■  5/^r)2 + fa  -  ^)1 

<?2  =  ~  Uidi  +  sqdq  -  jp(3?  +  3^)] 

Pll  L  Pll  J 

sjdQ  -  sgd/j 


C,= 


(A.81) 
(A. 82) 
(A. 83) 


A-ll 
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The  marginal  characteristic  functions  of  yj  and  yq  are  then  given  by 


1 


Io(Pu  S + 5« 


) 


exp 


(- 


(Pum-Pn)  2  ,  Pa 
"  2pnA2  +  ^ 


} 


X 


Iq  (^\J p2  (s/  +  ^q)  ~  +  2C?ai«i) 


(A. 84) 


$2/q(w2)  =  $(0,u>2)  =  - ^2 


1 


exp 


i 


(P11P22-P12)  2 


2pnA2 


•<x>2 


} 


x  h  (^]J ^2“(,s/  +  5q)  ~  ^1^2  +  2Chjw2^  (A. 85) 

Thus,  (A. 84)  and  (A. 85)  show  that  neither  yj  nor  yq  are  not  in  general  Gaussian 
random  variables.  Also,  since  for  HATH  ^  0 


$(u>i,w2)  ±  $w(^i)$yQ(u;2) 


(A. 86) 


?//  and  j/q  are  not  in  general  independent  random  variables.  Setting  sj  =  jui  and 
s2  =  M  in  (A. 80)  gives  the  joint  moment-generating  function  as 


M(s1,s2) 


exp 


{ 


(P11P22  -P12)/  2  ,  ,2x  ,  Pl2 

2pnA2  (*.  +  %)  +  -*. 


} 


/o(pnV^^) 

X  J°  (/ +  +  +  *2)  +  +  2C3s2)  (A. 87) 

The  form  of  (A.87)  suggests  the  use  of  joint  cumulants  for  the  computation  of 
moments  of  yj  and  yq.  The  joint  cumulants  [A-l,  p.  158]  are  given  by 


.  dkdT 

tr  ~  Sfa^*(si’S2) 


81=0,32  =  0 


(A. 88) 


where 


^(52,52)  =  In  M(si,s2) 


=  -In 

/o( 

'±t&. 

+  In 

^Pn  V  1 

(  /a2  ,  . 

h 

( \  ~(s' 

\\ P11 

+ 


(PllP22  -P12) ,  2  .  2)  .  Pl2 

~  2A>pll  (s>  + 


(  V  Pll  S ^  ^251  ■*"  2C<3's2^ 


(A. 89) 
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Taking  the  first  partial  derivatives  of  ^(-Si,  s2)  gives 
d^(slrs2)  (P11P22-P12)  ,  P12 


dsi 


A2pn 


-5i  + 


P11 


+  /■ 


i|o 


(^\J +  3q)  +  ^l(sl  +  S2)  +  2C251  +  2C<3S2^ 


C\S\  +  C2 


A2 

— (s2  +  sq )  +  Ci(s\  +  s2)  +  2C2S]  +  2C3S2 
P11 


(+.90) 


M(si,s2)  C P11P22-P12 ) 


ds2 


A2Pn 


s2 


+  1 


i|o 


X 


where 


^2”(5/  +  5q)  +  Cl(5l  +  52)  +  26*251  +  2C3S2^ 
C1S1  +  C3 

/A2 

/ ~2~(^j  +  5q)  +  ^(s2  +  S2)  H"  2C25l  +  2C3S2 
/  Pll 


(A91) 


(4.92) 


with  /i(-)  denoting  the  first-order  modified  Bessel  function  of  the  first  kind.  Then 
(A. 90)  and  (A.91)  give  first-order  moments  or  expected  values  of  yj  and  yQ  [A-l, 
p.  158]  as 

A  /_ o  o  \  C2p\\ 


E[yj\A,  0]  =  A10  =  ^  +  /i,o  (—  Ji]  +  4) 

P11  vPnv  AM\ 

E[yQ\A,9]  =  A0i  =  /i|0(— \/«j  +  «q) 


+  SQ 


+  ~SQ 


(+.93) 

(+.94) 


Inserting  C2  and  C3  of  (A. 82)  and  (A. 83)  in  (A. 93)  and  (A.94)  gives  (A. 54)  and 
(A. 55),  respectively. 

Taking  the  first  partial  derivative  of  (A.90)  with  respect  to  s2  gives 


\®s2  ^  _  ^ ^1(5l  +  ^2)  +  2S1C2  +  2s2C^j 


52^(si,s2) 

ds 


x  T 


{ClSl  +  C2)  (C^  +  Cz) 


A2 

~(sj  +  £q)  +  Ci(si  +  52)  +  251C2  +  2s2C2 
P11 
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+  ^l|o(  \/  ^■(5/  +  SQ )  +  C\{s\  +  sl)  +  2C,2Si  +  2(7332^ 


AC2)2(Ci*2ACa) 


where 


A2 

~1“(5/  +  sq)  +  Ci(5i  A  sl)  A  2C2si  A  2C3S2 
P11 


d  1 

4|o(*)  =  ^lloC®)  =  1  “  ”A|o(*)  -  J?|o(*) 


(A. 95) 


Thus,  (A. 95)  gives  the  covariance  of  yj  and  yq  as 

COV^IA.0]  =  A„  =  x|pAy/lV(A^T) 


where 


M*) —  ^  fl|o(*) 


(A. 96) 


(A.97) 


(A. 98) 


Inserting  (72  and  C3  in  (A.97)  gives  the  covariance  of  (A. 56). 

Taking  the  second  partial  derivatives  of  (A.90)  and  (A.91)  with  respect  to  si  and 
s2,  respectively,  gives 


d2$(si,32)  _  (P11P22  ~  Pi 2) 


'A2 


Qs2  A 2pn  12  +  (5j  +  5q)  +  ^l(5l  +  s2)  +  2^251  +  2(73S2j 

_  (C,S,+C2)2 


X  - 


A2 

~2 -(3/  A  3q)  A  Ci(32  A  32)  A  2(723!  A  2C332 
UPll 


A2  \ 

+  /i,o  (  \l ^2 ~(5/  +  5q)  +  C'lC5!  +  ^2)  +  2C<2-Si  a  2(7332  J 

Ci 

'  ~2~(^l  A  4)  A  C\{s\  A  $2)  +  2C2S1  +  2C3S2 

P 11 


(A. 99) 


d2$(3i,32)  {pnP22-ph) 


ds\ 


A2pn 


A  I 


i|o 


(J ^r(sf  A  Sq)  A  CMs2  A  s2)  +  267251  A  '^Czs^j 


(C1S1  A  C^)'' 


A2 

,  3"(5/  +  4)  +  C'l^i  +  52)  A  2(725!  A  2(7352 
LP11 


A  /i,o  ^  \  j p2  (5/  A  sq)  A  Ci(s^  A  52)  A  2<72-i  A  2(73s2^ 
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A2 

—  (s|  +  Sq )  +  C\(s\  +  s\ )  +  2C2Si  +  2C3S2 
P11 


(A.  100) 


Then  (A.99)  and  (A.100)  give  the  variances  of  yj  and  yq  as 

C2P11  /  A 


VAR[y/|A,  0]  =  A20  =  (Pll?o  —  + 


+ 


A2pn 

CiPn 


A2(sJ  +  Sq) 


/,*,„(  —  ,/j? + 


1|0\ 


(P11P22  -  Pi  2)  .  C3P1 


(A.101) 


„»T,r  |  A  A1  A  (PIIP22-P12I  ,  WPll  >*  fA  /-2  ;  -2  \ 

VARfeplA,  0]  =  A02  =  Vs!  +  aQ) 


+ 


(A.  102) 


Inserting  C\,  C2,  and  C$  of  (A.81)  through  (A. 83)  in  (A. 101)  and  (A. 102)  gives  (A. 57) 
and  (A. 58),  respectively. 

Q.E.D. 
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Appendix  B 

DERIVATION  OF  THE  UNCONDITIONAL  PDF  AND 
STATISTICS  OF  THE  COMPLEX  MONOPULSE  RATIO 
FOR  A  RAYLEIGH  TARGET 


The  unconditional  PDFs  of  the  monopulse  ratios  and  the  unconditional  CRLBs 
are  developed  in  this  appendix.  The  unconditional  PDFs  of  the  monopulse  ratios  for 
a  single  Rayleigh  target  are  given  by 


where 


roo 

fiyiiVQl^R)  =  /  f(yi,yQ,^0\^R) 

Jo 

rOO 

Jo 


P 


+  1)  (yj  -  yi)2  +  y2Q 


+ 
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„  _  T °i  ,  ®R1V(V  ~  ZpWs1)  ~  P2(rdcrs2]  /  „ 

p  ~  tj +  s^Ti  J  (B'5) 

=  {a0,il,Vd,<TS,p}  (B.6) 

Note  that  the  definitions  of  yj,  p,  and  are  consistent  with  their  definitions  in  the 
main  body  of  this  paper.  Also,  (B.l)  through  (B.3)  show  that  t/j  and  yq  are  not 
independent.  However,  yj  and  yq  are  uncorrelated.  The  unconditional  mean  of  yj  is 
yi,  the  unconditional  mean  of  yq  is  zero,  and  the  variance  of  yj  and  yq  are  infinite. 
The  joint  PDF  of  (B.l)  can  be  shown  to  agree  with  (26)  of  [B-l], 

The  unconditional  CRLB  associated  with  f),  based  on  N  observations  of  yj  and 
yq,  is  given  by 

i  (iliu  1T1  _ \ _  [  V- „r'92ln/!!/;„?/<i,i*«)| .  ll 


=  -'£b 


(B.T) 


where  yji  and  yqz  are  the  in-phase  and  quadrature  monopulse  ratios  for  pulse  i, 
respectively,  and  f(yii,  yq^R)  is  the  joint  PDF  of  yn  and  yQi.  Using  (B.l)  in  (B.5) 


gives 


WW*8>=4M^7  !  + 


1  I  1  I  (l  -  PWs1)2 
*R1  SR m  p 


(B.  8) 


(B- 10) 


Using  (B.2)  gives  the  unconditional  CRLB  associated  with  fj  based  on  N  observations 
of  yj  only  as 

Using  (B.3)  gives  the  unconditional  CRLB  associated  with  i )  based  on  N  observations 
of  yq  only  as 

J,q(vW,*r)  =4iy(??_  w-l)2  1  +  (B-10) 

Comparing  (B.10)  with  (5.4)  shows  that  the  conditional  CRLB  associated  with 
V  and  based  on  N  observations  of  yq  is  less  than  the  corresponding  unconditional 
CRLB.  For  an  average  observation  represented  by  —  E[Y^)  =  +  1,  the 

conditional  CRLB  based  on  N  observations  of  yj  and  yq  in  (5.2)  is  less  than  the 
corresponding  unconditional  CRLB  for  >  2.  Also,  for  an  average  observation 
represented  by  Yjy  =  E[Yjf]  =  the  conditional  CRLB  based  on  N  observations 

of  yj  in  (5.3)  is  less  than  the  corresponding  unconditional  CRLB  for  Rjy  >  2.  Since 
the  conditional  CRLBs  are  less  than  the  unconditional  CRLBs  for  >  3  dB,  DOA 
estimators  utilizing  monopulse  processing  should  be  developed  from  the  conditional 
PDF  or  the  conditional  statistics. 
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